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This paper presents tables and graphs assessing
the accuracy of a formula (programmable on a desk
calculator) for approximating the circular coverage
function of a circular-normal probability distribution.
Use of this formula together with the error curves
presented here enable one to calculate the circular
coverage function with a maximum error on the order

of 0.0002 for offsets up to 50 and covering-circle

radii up to 4.50.
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ON APPROXIMATING THE CIRCULAR COVERAGE FUNCTION

INTRODUCT ION

Consider a circular normal probability distribution with standard
deviation o centered at a point A. The probability of falling within
a distance R of a point B r units away from A is known as the
circular coverage function P(R/o, r/c). It is given analytically by
definite integrals or infinite series that cannot be expressed in closed

form:

R -(r'2+t2)/2

P(R', r') =é{ e |°(r't)tdt
2502
-(R'C+r! )/2 o N
=1-e z G%ﬁ In(r'R')
n=0

2. 2 i
-(R! Ue)/i2 o il 1 ! 1
( o ) Y -_— (I.—-) Z . i (——2

=]-e 4L
i=0

(reference 1), where R!' R/0, r' = r/o, and ln is the modified Bessel

function of order n.

EVALUATION OF THE FUNCTION

Extensive tables of this function are available (references 1 through
4 and other references cited in reference 5). However, it is more convenient
to use closed-form approximations that can be programmed on a desk calculator
if the accuracy desired is not too high. A standard reference handbook
(reference 6) gives the following approximation of the circular coverage

function:
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The formula for P can be programmed on a TI-59 calculator using
127 steps (table 1). The approximation used for the normal distribution
Q(x) is (reference 6):

3 4

2
ax) = (2m)71/2 X /2 (byt + b, t? + by t” + byt + b t%) + Ex),
8

where the error E(x) is smaller than 7.5 x 10 = and

t o lvpd by = 1.781477937
p = .2316419 bh = -1.821255978
bl = ,319381530 b5 = 1.330274429

o
]

, = =-356563782
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ACCURACY OF THE APPROXIMATION
Reference 6 gives no source, method of derivation, or statement on
accuracy. The purpose of this paper is to evaluate the error made in using

the approximation formula.

The approximation for R' <1 is the well-known Carlton formula
(reference 1). For R' < 0.4, it is-accurate to 4 decimal places. For
0.4 <R' <1, it is off by no more than .0065 (and usually by no more than

.001 - reference 1).

For the cases R' > 1, direct comparison with the tables (references
2 and 3) reveals that the maximum error is .024 for P xR < 4.5 and

0 <r' <5. The error is usually smaller.

Figures 1 and 2 are graphs of the difference between the exact and
approximate values of the circular coverage function, with linear inter-

polation used between the following milestone values:]

RY = .25, .5, 35, 9, 0, b0 1.25, 1.8, 1.5, 2, 2.5, 3, 3.5, §, &5
rf ey 5, § £S5, 2 2.5: 3, 4, 5.

Figure 3 is a graph of the ratio of the approximate value of the - |
clircular coverage function to its exact value, with linear interpolation !

used between the above milestone values. In table 2 we compare exact and 1

{
lSince the formula exhibits a discontinuity at R' = 1, the graphs for ! H
.9 <R' <1 are not accurate. '
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approximate values of the circular coverage function for these milestones:

values, difference, ratio, and percent increase of exact value over

approximate value.

As can be seen from table 2, whenever the exact value is smaller
than the approximate value, it is by no more than 2.4%. Further, whenever
the exact value is over 11% larger than the approximate value, the exact
value is smaller than .16. |If over 25% larger, P < .08. This indicates
that it is for very small values of the circular coverage function that
the approximate formula has a higher chance of being off by a significant

percentage.

In conclusion, the programmable formula for the circular coverage
function, together with figures 1 and 2, enables one to evaluate the
function with a maximum error on the order of .0002 for 0 <R' < 4.5 and

0 <r' <5,




TABLE 1

T1-59 PROGRAM FOR CIRCULAR COVERAGE OF A
CIRCULAR NORMAL DISTRIBUTIONE

0o <& 8T A E gl Iy 33 Rl Na? ‘p4: 4
001 Gg o= fa 23 Ae £ T Y = R - L R
002 55 + o Qs Fab e 895 43 RCL.
003 42 RCL 42 570 i TS e 100 04 04
ood 12 10 (TS i 93 e 101 23 uz
Qs %3 = - 7¢ GE 102754 3
o0E 42 570 e vl g7 IFF 103 95 =
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42 370 e T T3~ o e
gs 05 ah  * Gar =g 112 85 +
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oz = IR d 03 0% 115 91 R/$
85 + G2 ado ) 33 He 116 &1 RST
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0 g2 = o 4 A T foB." e 1
|Ei 25 + i a5 = e 15E 12 =
] =02 4 gl W) 5200 i =T S {27 92 RTH
i 5 Oss 0¥ OF LR

®The offset r is stored in register 09, the radius R of the covering
circle in 08, and the standard deviation o in 10. After r and o

are stored, keying in R and pressing R/S will initiate the program.
Occasionally the display will flash due to underflow in the calculation,

but the displayed value will be correct. The master library module must
be inserted.
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