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PREFACE 

This document i s  submitted by the McDonnell Douglas Astronautics Company 
t o  the National Aeronautics and Space Administration and was prepared 
under Contract NAS8-33191, "S ta t i s t i ca l  Energy Analysis o f  Complex Struc- 
tures." The study was directed by R. F. Davis. 3. B. Herring o f  the 
V i  brat ion Analysis Branch of the Systems Dynamics Laboratory o f  Marshal 1 
Space F l i gh t  Center administered and directed the contract. 
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The aerodynamic and external acoustic environments o f  current aerospace ve- 
h ic les generate very s ign i f i can t  high-frequency random v ibrat ion s t ructura l  
response. This v ibrat ion response has proven t o  be a primary design con- 
s iderat ion f o r  the short  l i f e  requirements (one f l i g h t )  o f  past space vehicles. 
The ef fects  of t h i s  adverse v ibrat ion environment w i l l  increase for  the 
reusable vehicles tha t  are currsnt ly  being developed f o r  space exploration. 

The most e f f i c i e n t  method t o  achieve optimum vehicle design fo r  t h i s  high- 
frequency v ibrat ion environment i s  t o  generate meaningful design and t e s t  
c r i t e r i a  ear ly  i n  the design phase o f  the system and t o  per iod ica l l y  update 
these c r i t e r i a  throughout the various phases o f  vehicle development. The 
methods i i c luded under the term " s t a t i s t i c a l  energy analysis," o r  "SEA," 
provide a means of predic t ing such high-frequency v ibrat ion c r i t e r i a  f n  systems 
that  do not conform wel l  t o  other analysis methods. These energy analysis 
techniques are denoted "s ta t i s t i ca l "  because they involve averaging s t ructura l  
responses over port ions o f  the structure. This averaging i s  perf imed over 
time and space and i n  frequency bands. 

Response predict ions f o r  a structure are made by inodeling the structure as 
a number of elements, der iv ing power f iow equations f o r  each o f  these elements 
( including acoustic o r  mechanical energy sources), and simultaneously solving 
the resul tant  system o f  equations f o r  the element response levels. 

This report  presents the resul ts o f  an e f f o r t  t o  document methods for accom- 
p l  ishing such response predict ions f o r  c m o n l y  encountered aerospace 
structural  configurations. The e f f o r t  included appl icat ion o f  these methods 
t o  specif ied aerospace structure t o  provide sampie analyses. The report  
has been arranged fr:  the form o f  an appl icat ions manual, w i t h  the s t ructura l  
analyses appended as example problems. Comparisons c f  the response 
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predictions with measured data are provided for three  o f  the example 
problems. Other appendices provide a derivation o f  statistical energy 
analysis response equations, application guidelfnes, and response solution 
programs for programmable calculators. 
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SYMBOLS 

v 

- 
w 

Qa,b 

K 

V 

area 
acceleration 
f ract ion o f  c r i t i c a l  daqping 
group ve loc i ty  (= 1.07 [W C, t]*) 

longi tudinal  wave ve loc i ty  
speed o f  sound i n  a i r  
d issipat ion o f  damping; bending s t i f f ness  
t o t a l  energy o f  an element, modulus o f  e l a s t i c i t y  
frequency 
gravi tat iona? acceleration 
t h i c knes s 
mwnt sf  fnei-tia 
length 
mass 
number o f  modes 
modal density 
pressure 
radius o f  curvature 
power input 
thickness 
volume; ve loc i ty  
ve loc i ty  
width weight 
weight density 
incremental v a l  ue 
damping loss factor  (= D = 2C/Cc) 

@a bNb ) coupling loss factor (= y w  

radius o f  gyration 
Poisson's .-atiG 
3.14159 n 



P 
U 

@a,b 

density 
radiation efficiency 
average mode- to-mode coup1 i ng between 
Elements a and b 
angular frequency, normally center frequency 
of a frequency band 

NOTAT ION 

Element a set o f  modes modeled as one u n i t  o f  a system, 
al l  modes i n  a frequency band having identical 
energy (on the average) 
the total structure and associated energy 
sources under consideration (may be only a 
portion of an actual structure) 
indicates averaging over both time and space 

system 

- 
< >  
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INTRODUCTION 

Three methods are i n  comnon usage f o r  predic t ing the v ibrat ion response of 
aerospace s t ructura l  systems: c lass ica l  modal techniques, comparative scal ing 
using avai lable data bankss and empirical formulas. Each o f  these methods 
i s  l im i ted  i n  appl icat ion by inherent character ist ics o f  the method. Although 

classical  dynamic analysis techniques for predict ing dynamic response work 
well  i n  the frequency range of the lower s t ructura l  resonances, t h e i r  appl i -  
cat ion t o  high-frequency regimes i s  l im i ted  by model complexity, computer 
s ize capabil i ty, and cost, and i s  not amenable t o  rap id estimates. Use of 
data banks i s  l im i ted  t o  structur81 configurations which are very s imi la r  
t o  the previous designs on which the data bank i s  based. Likewise, empir ical 
formulas can, i n  genera1,be applied v a l i d l y  only t o  structures of the specif ic 
configuration f o r  which they were derived and which match previous designs. 

The advent o f  reusable space vehicles featur ing new configurations wi th  unique 
forcing f ie lds requires extending these techniques beyond the configurations 
from which they were developed. An a l ternat ive and r e l a t i v e l y  simple approach 
t o  nigh-frequency v ibrat ion analysis has been develwed which i s  known as 
s t a t i s t i c a l  energy analysis (SEA). 

S ta t i s t i ca l  energy methods have been developed t o  consider the d i s t r i bu t i on  
and transfer of energy among the modes o f  a v ibrat ing system. These methods 
assume tha t  the modes o f  a system being analyzed contain a l l  the v ibratory 
energy o f  tha t  system. Therefore, f o r  SEA t o  have v a l i d  appl icat ion, a l l  
s ign i f i can t  energy of a system must be "resonant" as opposed t o  "nonresonant." 
A parameter f o r  evaluating t h i s  condit ion i s  examined i n  Reference 1. 

The SEA methods separate the frequency range o f  in te res t  i n t o  frequency bands, 
which are analyzed indppendently. The methods assume tha t  the energy i n  
the modes o f  one frequency band i s  not transmitted (through coupling) t o  
wodes i n  other frequency bands, e i ther  w i th in  an element o r  among the ele- 
ments o f  a system. 
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An importent factor  i n  val idat ing the space and frequency averaging inharent 
i n  SEA i s  the number of modes included i n  each frequency band. With many 
modes excited iii one frequency band o f  an elemevt, the v ibratory energy may 
be expected t o  be wel l  d istr ibuted th rougbut  the element and among the 
various modes, and averaging w i l l  furnish a va l id  approximation o f  actual 
values. Thfs e f f e c t  i s  demonstrated i n  Figure 1 which shows, f o r  a par 
cular structural  system, that  predictions made with fewer than 20 modes pcr 
element per frequency band exhi b i t  considerably more scatter than predict ions 
wi th  more contr ibuting modes. Since constant percentase bandwidths (such 
as octave o r  one-thi rd-octave! are general l y  u t i  1 ized t o  obto' I predictions % 

the narrower bandwidths i n  the lower frequencies resu l t  i n  fewer contrfbuting 
modes and therefore less accuracy a t  these lower frequencies. Accordingly, 
SEA i s  generally applied t o  frequencies o f  100 Hz or greater f o r  typ ica l  
aerospace structure. Also, model elements are chosen as generally gross 
portidns o f  structure rather than representing f ine  deta i ls  i n  order t o  
maintain a high number o f  contr i -ut ing modes per element. An example of 
such modeling for a section o f  s k i r t  structure on a launch vehicle would 
u t i l i z e  three elements, one element representing the skin/str inger external 
shal l  , another representing an equipment-mounting panel, and the t h i r d  repre- 
senting the components on the panel (which are considered t o  be "smeared" 
over the panel i n  an average sexe) .  

The assumptions, then, upon which s t a t i s t i c a l  energy analysis i s  based are: 

A. The modes o f  the elements o f  a system contain a l l  the i*+bbrato!y energy 
o f  the system. 

B. Only modes occurring wi th in the same frequency band are coupled. 

C. The energy i n  one f-quency band o f  a system element i s  equally 
distr ibuted among the modes o f  that  element occurring i n  the frequency 
band. 

D. For two coupled elements, a l l  o f  the modes occurring i n  m e  o f  the 
elements i n  one frequency band are equally coupled t o  each mode 
occurring i n  the same freqrrncy band i n  the other element. 
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DESCRlV; WN 

T k  f o l l o d n g  section w i l l  demonstrate the appl icat ioq of SEA methods t o  a 
c m m n  st ructura l  system of interdst .  While pa r t i cu la r  systems w i l l  require 
ut4 we adaptatfons o f  the methods, the analy t ica l  procedure should be f a i r l y  
ge. ,eval . 
Consider a section o f  airframe of an aerospace vehicle, such as a missile, 
reentry 
mounted 

Severa 1 

vehicle, or airplane, consist ing of the external shel l ,  an i n t e r n a l l y  
equipment panel, and a component mounted Gn the panel. 

n 

Figure 2. Typical Aerospace Equipment Panel I n s t a l  l a t i o n  

reasons may e x i s t  f o r  i n a l y t i n g  the noted szction o f  i n te res t  without 
4 performing an analysis that  encotr?as%es the en t i re  vehicle: a local  struc- 

t u r a l  change i n  the secticn f o r  an operational vehicle, a design evaluation 
examining ceveral locations and configurations f o r  the panel, o r  evaluation 
o f  an al ternate locat ion f o r  the component. 

This segnent o f  structure can be represented w i th  an SEA model c f  three 
elements as show below. 
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r 7 

External - Ehuipment ,++ Components Skin Panel Acousti c s 4  
- 

Note that  t h i s  mdel will reduce to two elements for the ana ysis  of a ~0111- 

ponent mounted di rect ly  t o  the shell. 

. 
c---). 

Ex terna 1 
Skin Acoustics+ 

L 

Another cumon structural configuration o f  aerospace interest consists of a 
airframe section containing an internal  bulkhead, with a careponsnt mounted 
on the bulkhead. 

- + - 
Bulkhead ++ Components 

* 

3 External She1 1 

w 

Bulkhead 

Figure 3. Typical Awospace Bulkhead Insta l la t ios  

The corresponding SEA model for th is  structural system requires three elements 
and i s  o f  identical form t o  the shell/equipment par?el/component model. 
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The analy t ica l  dif ferences between the two structures w i l l  appear i n  the 
parameter values selected t o  represent the dynamic propert ies o f  the various 
elements. There i s  no dif ference i n  the configuration o f  the two models. 

The elanents o f  these models are a very straightforward representation of 
the structures. The only s ign i f i can t  decision required i s  i n  d e f i n i t i o n  of 
the amount of external sk in  t o  include w i th  the model. Selection o f  the 
correct sk in  area y ie lds  a balanced systm, wi th  the energy f lowing i n t o  the 
model subsystem mechanically from the remainder o f  the structure equal t o  the 
energy transported mechanically out o f  the subsystem. This s i t ua t i on  therefore 
exhib i ts  a zero net flow o f  energy across the boundaries of the model. I n  
inarty cases t h i s  ideal  condit ion can be approximately achieved by establ ishing 
the model boundaries a t  points halfwqy between major s t ruc tura l  lo3ding points, 
i.e., halfway between attach points o f  two adjacent equipment panels, halfway 
between the panel attach point  and a fue l  tank bulkhead, halfway between the 
panel attach point  znd a large component, etc. The e f f e c t  on response pre- 
dict ions o f  incorrect  estimatjon o f  the skin area w i l l  be i n  essent ia l ly  
d i rec t  proport ion t~ the error:  select ion o f  an area too large by 10% w i l l  
r esu l t  i n  predicted levels ( g 2 / H t )  t ha t  are too high by approximately 10%. 

Once the s t ructura l  system has been modeled, the next step i s  t o  select  the 
applicable equations f o r  the model. These equations, l i s t e d  below, were 
determined by examination (recognizing that  the coupling between the skin 
and component elements i s  zero) o f  the SEA system equations l i s t e d  i n  the 
Conclusions section o f  t h i s  repart.  

where 
w = angular frequency (average) o f  system 

1 1 na = Element a l o s s  f a c t o r  critical damping ratio 

N, = number o f  modes resonant i n  Element a 
( 

= power t r a n s f e r  coe f f i c ien t  for coup1 ing between modes through 
'a'b the s t ructura l  j c i n t  ($a,b = qb,a) 
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E, - total energy of Element a 

Sa = paver introduced i n t o  E l m f i t  a frawr an external source 

Each of these equations represents a power ciow equation f o r  me o f  the e l m b  
of the model. Together, the equations fora m algebraic system f o r  the solut ion 
of the E i ,  provided the other terns can be eviluated f o r  a structural  system. 
The input term, SlS w i l l  generally represent an acoustic exc i ta t ion of the 
system. A derivation o f  the SEA msponse equations i s  provided i n  Appendix I .  

The next step i s  t o  evaluate modal density, danping, and coupling parameters 
for the system. 

The shell element i s  composed of the t y t i n d r i c a l  skin, str ingers and r i n g  
frames. The modal density o f  these subelements can be determined wi th  the 
appropriate equations o f  Table 1 i n  Appendix 11. 

Stringers (assuming plate-type response f o r  high frequencies) : 

Ring frames (assuming beam-type response 1 : 

where 
Na na = modal density o f  Element a = - 
&AI 

AU = frequency bandwldtk selected for  analysis 

AS = surface area 

KP = radius o f  gyration of p la te cross section 
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cI1 - longi tudinal  wawe ve loc l ty  
+ = structure r i n g  frequency = 7- ca 

r = radius o f  curvature 

L = length 

Kb = radius o f  gyrat ion of beam 

Surnrni ng these con tri but! ons . 

The equipment panel (or alternately,  the bulkhead) i s  a ribbed p la te  which 
can be subdividcd i n t o  plates and beams: 

- 
'bulkhead - 'plate ' "ribs 

The component can generally also be subdivided i n t o  plate-, beam-, or shaft- 
type elements, depending upon spec i f i c  design. 
response data are avai lable on s imi la r  compo,:ents, an estimate of the com- 
ponent modal density can be obtained from a p l o t  o f  mode number versus f.equency. 
The slope o f  the approximate l i n e  j o i n i n g  the points, as indicated i n  Fig- 
ure 4, i s  the modal density. 

If, however, experimental modal 
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Th2 danping parameter values for the elements should be estimated based on 
experience with s i m i l a r  structures. References are provided i n  Appendix 11 
whach w i l l  l ss is t  the user i n  selection o f  values. 

* l ” a  - 
Appenaix I. provides coupling factors tha t  apply f o r  a number o f  s t ructura l  
j o in t s .  f o r  the typ ica l  structure under consideration, coupling factors a r e  
p w t  ‘ded f o r  spec i f ic  skin/equipment panel j o i n t  configurations (also for  
s i  inibulkhead j o i n t  configurations o f  the a1 ternate s t ructura l  system) tha t  
Ure s im i la r  t o  nr iy aerospace insta l la t ions.  

A wide v u i e t y  of configuratfons may be encountered f o r  the component/equipment 
?ane? j o i n t .  The f i r s t  approach t o  evaluating coupling factors f o r  t h i s  
b”...” 
When coupling factors for a s i m i l a r  j o i n t  cannot be found, t h i s  parameter 

‘& in)  !s t= r h - r l r  b l - - - - J J . .  -’ 
\.ii=bn ~ ~ ~ C I I U I A  1 1  d n d  other avai lable sources f o r  a s im i la r  j o i n t .  
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mqy be determined through an SEA evaluation o f  response data wi th  a s im i la r  
j o i n t .  The SEA parameter f o r  the s imi lar  j o i n t  may be evaluated by the 
following procedure. 

The response relat ionship between a component and mounting panel i s ,  i n  
general, p.ovided by an equation i n  the form o f  the t h i r d  o f  the set of 
SEA equations: 

where the subscript notation i s :  c = component 
p = equipment panel 

This equation provides a means o f  solving f o r  the coupling factor if the 
other system parameters can be evaluated and response data are available. 

- W'lC 
+pc - E 

NC -E - Np 
E, 

The t o t a l  energy term f o r  an element i s  provided by 
- 

<a2i > - 
Ei = m i  <V/> = m i  -T;;T- 

m i  = element i mass 

V i  = element i veloci ty 

a i  = element i acceleration 

<-> indicates averaging over t ime and over area 

which yields 
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This eqeation defines the coupling factor based on the re la t i ve  response 
level, '3, o f  the equipment panel t o  the component f o r  the sfmi lar  j o i n t  

configuration. (S imi lar i ty  t o  the primary structural  system under analysis 
assists i n  defining ttia SEA parameters i n  the equation, generally reducing 
the e f f o r t  required t o  determine the coupling parameter using response data.) 

The f i n a l  step before obtaining the response solut ion f o r  the system i s  to  
define SI, the input term. For the sample structure, excited by a reverberant 
acoustic f ie ld ,  t h i s  term i s  

co = speed o f  sound i n  f l u i d  w d l m  

A i  = surface area of Element i 

P = acoustic pressure 

u = radiat ion ef f ic iency 

N i  = number of surface modes o f  Element i (excludes modes o f  r i n g  
frames , st i f feners etc. ) 

m i  = mass o f  Element i 

Appendix I1 provides radfat ion ef f ic iency values f o r  both f l a t  panels and 
cErcular cy1 inders. 

The parameter values may now be substituted i n t o  the system o f  SEA equations 
(for each bandwidth o f  in terest )  and the response solut ion f o r  the C i  obtained. 
The previously noted relat ion, 

- 
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J<q> can then be used to  present - the element responses i n  the form o f  
<azi > 

(for response i n  g 's )  or  

acceleration constant. . 

( i n  g2/Hz), where g i s  the gravitational 
h ) g 2  
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S W R Y  OF STATISTICAL EHERGY ANALYSIS 
LIMITATIONS AND EQUATIONS 

The methods presented i n  t h i s  document w i l l  provide estimates o f  the high- 
frequency v ibrat ion environment f o r  s t ructura l  systems. The user should 
be aware of the requirements and l im i ta t ions  f o r  the application of these 
methods. A sumary o f  the pr inc ipa l  l im i ta t ions  i s  provided below. 

Application i s  more va l i d  i n  frequency ranges where many d e s  are 
excited. Care must be taken i n  evaluating the lower frequency l i m i t  
of a p p l i c a b ? l i t j  f o r  a par t i cu la r  s t ructura l  system. 

Application i s  va l i d  only f o r  systems containing a l l  t h e i r  energy i n  
modal resonances, therefore SEA d-s not apply t o  heavi ly damped systems. 
Reference 1 provides a means o f  evaluating t h i s  tdquirement f o r  specif ic 
sys terns. 

Response p red ic t i  ons determined w i  t h  these methods represent averages 
over generally gross port ions o f  structure. 
taken i n applyi ng these average values w i  t h  nonuni formly configured 
structural  elements such as panels w i th  re la t iv t r ly  massive in tegra l  
stiffeners, where response amplitude o f  the panel segments may be expected 
t o  d i f f e r  considerably from tha t  on the st i f feners.  

Therefore caution should be 

A summary of the SEA response predict ion equations i s  provided below. 
spection of the system equations will indicate the terms required t o  expand 
the set o f  equations t o  accomnodate a system with any number o f  elements. 
Likewise, the s imp l i f i ca t ion  possible f o r  systems which do not have each 
element connected t o  every or;e o f  the other elesents can be determined by 
set t ing the appropriate O i j  terms to  zero. 

In-  

Guide1 ines for structural  modeling and parameter evaluation are provided 
i n  Appendix 11. 
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S t a t i s t i c a l  Energy Analysis EqLdtions f o r  a Four-Elanent SysteRO 

w i  = angular frequency (center frequency o f  analysis band) 

v i  = element damping fac to r  

N i  = number o f  modes excited i n  the element i n  frequency band o f  analysis 

4iij = element coupling value (symnetric: @Ij = $ji) 
--* 

a i  = angular acceleration - 
2*2C02Aj <P{> U. 

S i  = energy input term = -1 N j  ( f o r  reverberant acoustic 
u t  (b) m j  exc i ta t ion only) 

C, = local  speed o f  sound i n  surrounding medium 

A j  = acoust ical ly excited surface area o f  element 

Pj = acoustic pressure 

aj = rad iat ion ef f ic iency 

m j  = mass o f  element 

These equations are frequently expressed i n  an al ternate format by combining 
terms i n t o  a coupling loss factor:  

'1ij = WJ OJ = coupling loss factor  (nonsymnetric: '113 p q j i )  

18 
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Appendix I 

DERIVATION OF STATISTICAL ENERGY ANALYSIS RESPONSE EQUATIONS 

Consider a simple structure modeled as the two-element system i n  the following 
schematic . 

I n  t h i s  schematic o f  the two elements, a and b, the fol lowing nomenclature 
i s  used: 

Sa = power introduced i n t o  Element a from an external source. 

Da = power dissipated with:n Element a. 

pa,b = net p w r  transmitted from Element a t o  Element b (= -Pb,a). 

il 

These values and the fol lowing derivations are f o r  only a s ingle frequency 
band; so lut ion f o r  the complete spectrum o f  in te res t  i s  accomplished by 
summing the predict ions f o r  the contr ibut ing frequency bands. 

Power flow equations for a l l  o f  the energy passing through the two elements 
may b -  expressed as 



The energy dissipated per u n i t  t i m e  i s  defined i n  terms of the element loss 
factor as 

whene 
(0 =, angular frequency (average) of system 

1 nb = Element a 100s factor 

Ea = t o t a l  energy of  Element a 

damping r a t i o )  

The net power transmitted from the resonant modes o f  Element a ,.- b r i ~  resotant 
modes o f  Element b i s  

'a,b = Nb@a,bEa - Na$a,bEb 

= (power transmitted from b t o  a) - (power transmjtted from a t o  b) 

where 
N, = number o f  modes resonant i n  Element a 

$a,b = power t ransfer  coef f i c ien t  f o r  cotlpl ing between modes though 
the structural  j o i n t  ($a,b = @b,a) 

Perfurming the indicated substitutfons, the power flow equations become 

For systems with the parameters q, N, $ defined and the inputs, S, known, 
the power flow equations fo rm a s o t  o f  l inear, simultaneous equations f o r  
the unknowns E, and Eb a t  the average frequency w. 
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Appendix I1 

GUIDELINES FOR APPLICATION OF STATISTJi- ENERGY ANALYSIS 

Pef f r t i t ion o f  Structural  Models 

h e  o f  the i n i t i a l  steps i n  the SEA appllcations procedure w i l l  be ;election 
and de f tn i t i on  o f  su i tab le models. The bar ic considerations of mdt,l ing 
are t o  (1) determine the s t ruc tu ra l  d e f i n i t i o n  and d e t a i l  requi rJ , (2)  cvalu- 
ate energy sources, and (3)  p a r t i t i o n  the s ign i f i can t  por t ion o f  the s t ructure 
i n t o  the actlral model elements. The f i r s t  consideration, requirements for  
s t ructura l  cbf in i t ion,  i s  t o  insure t h a t  the model w i l l  both provide the 
in fonr - t ion  desired and o m i t  useless detai ls.  Structural  assenblies my 
be lrlnrped together as a s ing le element i f  f i n e r  d e f i n i t i o n  i s  not required 
since SEA lises averaged quant i t ies,  and averaging i s  equal ly v a l i d  for mwl -  
t i p l e  portions of a structure as f o r  a s ing le part. Such ltmping of elements 
also reducer; +,ne boakkeeping associated w i th  the analysis. 

The second ccnsideration i n  SEA modeling i y  ev:?luation o f  the energy sources. 
This consideration assists i n  l i m i t i n g  the s ize of a wde l .  Basically, any 
s t ructura l  boundary across which the net energy f low i s  zero reoresents a 
l i m i t  t o  the need f o r  modeling. 

?he f ina l  step i n  modeling i s  t o  actual ly  p a r t i t i o n  the s ign i f i cae t  s t ructure 
i n t o  e lments i n  l i n e  ; th  the previously stated pr inciples.  ?he elements 
represent generally gross, continuous porttons o f  the structure. 0 

Damping 

The st ructura l  damping must be defined f e r  each element o f  the nmdels as 
one of the procedural steps. This pimimeter i s  not unique t o  SEA and must 
appear i n  some form i n  every response analysis. While much invest igat ion 
of s t ructura l  damping has been ccomplished, and over a lung periccl of t ime,  
selection o f  appropriate values remains very much a rna%ter o f  englneering 
judgement based on past experience. References 1 and 2 provide information 
useful i n  def in ing the damping o f  s t r x t u r e s .  
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Ebdal Density 

M a 1  density i s  the parameter which i s  used t o  evaluate the number o f  reso- 
nant modes present w i th in  a par t icu lar  f y u e n c y  band o f  a g i v m  st ructura l  
subset. Approximation equations are presented i n  Table 11-1 (from Reference 4) 
which define t h i s  perameter f o r  specif ic s t ructura l  shapes. 

Alternate methods o f  evaluating the modal densit ies o f  specif ic s t ructura l  
configurations are available. One al ternate method makes use o f  computer 
programs generally avai lable for analyzing the response o f  conmonly encoun- 
tered structural  shapes such as pinned-end cylinders, l i q u i d - f i l l e d  cylinders, 
etc. These prr yrams ere u t i l i z e d  t o  determine the frequency msponse of 
the elements, thus y ie ld ing  d i rec t l y  the number o f  resonant modes within 
the frequency band. 

A second al ternate method has u t i l i z e d  classical  low-frequency modal analyses 
of the structure t o  evaluate the modal density f o r  model elements. This 
method, of course, i s  only pract ica l  f o r  structures which have previously 
received modal analyses, o r  i f  a low-frequency modal analysis i s  being per- 
formed i n  conjunction w i th  the high-frequency SEA prediction. This method, 
indicated i n  f igure 11-1, involves graphical ly p l o t t i n g  the response frequen- 
cies fran the modal analysis versus mode number f o r  the structure which i s  
being represented by an SEA model element. The slope of the p lo t ted  points 
can then be determined which, assuming extension o f  the curve i n t o  the high 
frequencies t o  be vai id, y ie lds the value f o r  modal density o f  the element. 

Structural Coup1 ing 

The SEA parameter for  the structural  coupling between elements i s  unique 
t o  th i s  form o f  analysis, and i t s  de f i n i t i on  represents one of the most 
s ign i f icant  steps i n  the procedure. As a consequence o f  the re la t i ve  
newness and lack o f  previous appl ic i i t ion o f  the SEA methods, very l i t t l e  
int'ormation has been avai lable concerning appropriate V a l  [*?s o f  t h i s  parame- 
t e r  f o r  structural  j o in t s  in general. 
j o in t s  are showr: in Figures 11-2 and 11 

The coupling values for two typ ica l  
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Symbol Definitions for Table 11-1 

A 

*s 

‘a 

=e 

cm 

=T 

D 

E 

G 

h 

I 

J 

K 

I 

S 

T 

vO 

“b 

Q K 

Y 

w 

P 

cross- section area 

surface area 

acoustic wave velocity 

Longitudinal wave velocity 

membrane wave velocity 

string wave velocity 

torsional wave velocity 

plate rigidity 

Young’s modulus 

shear modulus 

thickness 

centroidal moment of inertia of A 

polar mon1er.t of inertia of A 

toxsional constant of A 

length 

membrane tension force/unit edge length 

string tension force 

voluine 

radius of gyration of A 

radius of gyration of plate cross section 

Poisson’s ratio 

frequency (radians/time) 

inate rial density 
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Figure 11-1. Approximation of kdal Denslty by Graphical Ilethqd (Delta 
Fatrtng Mes } 

b 

Figure 21-2. SEA Coupling Parameter for Small Reentry and Intercept 
Vehicle Field Joints (Typical, from UpSI’AGE Ground Test Data) 
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Figure 11-3. SEA Coupling Parameter for Launch h h i c l e  TanWSkirt Joint 
(Typical, Based OR S-I1 Data) 

Reference 6 provides equations for evaluating the coup1 ing vsllues of varlous 
beam and plate  joints.  Two of the most useful o f  these relations are  pre- 
sented below. 

Two plates of approximately equal st i f fness joined a t  r i g h t  angles: 

L = j o i n t  length 

t = plate thickness 
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Beam cantilevered t o  a p la te o f  equal thickness: 

- 2 r f  w - 75;; 
Np = nunber o f  modes i n  p la te  

W = width of beam 

II = length o f  beam 

Acoustic Coup1 i n s  

The input term w i l l  generally involve a t ransfer funct ion t o  couple a fluc- 
tuat ing pressure f i e l d  t o  the s t ructura l  system. A reverberant acoustic 
f i e l d  may be coupled t s  B structure w i th  the re la t i on  presented i n  the Con- 
clusions section o f  t h i s  report. Use cif t h i s  expression for predic t ing 
response frm other acoustic f i e l d s  requires the d e f i n i t i o n  o f  an "equivalent" 
reverberant f i e ld ,  o r  the coupling terms must be modified. The development 
of the reverberant coupling terns w i l l  ind icate an approach tha t  could be 
used i n  def in ing coupling terms f o r  other pressure f ie lds .  

The rad iat ion ef f ic iency term, u, appearing i n  the input re la t i on  for re-  
verberant acoustic f i e l d s  of the Conclusions section may be determined 
from Figures 11-4 and 11-5, which are taken from Reference 5. 
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Figure 11-4. Radiation Eff ic iency B o f  a Baffled Panel (from Reference 5 )  

Figure 11-5. Radiation Eff ic iency u o f  a Cyl indrical  Shell (The peak i n  
the radiat ion efficiency about the r ing  frequency fr i s  as- 
sociated with increase i n  wavespeed due t o  curvature. ) 
(From Rzference 5 )  
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Appendix 111 

EXAMPLE PROBLEMS 
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Example Problem Number 1 

SPACE SHUTTLE EXTERNAL TANK - UNLOADED STRUCTURE 

The structure t o  be analyzed i s  located i n  the Space Shutt le Extr:nal Tank 
intertank area a t  270" (-Y) on the s ta t i on  1034.2 frame. This locat ion 
corresponds t o  a v ibrat ion measurement locat ion i n  use during Main Propul- 
sion Test A r t i c l e  (MPTA) test ing f o r  the Space Shuttle. The measurement 
locat ion i s  indicated i n  Figure 111-1. This locat ion i s  on a r i n g  frame 
which i s  surrounaed by sk in  panels wi th  external str ingers. This por t ion 
o f  the structure i s  not loaded by component i ns ta l l a t i ons  and can therefore 
be considered typ ica l  o f  unloaded aerospace she1 1 structures. 

Model 

The unloaded structure can be represented by the simplest of SEA modelss 
consist ing o f  a s i ,  l e  element excited by the external acoustic f ie ld .  
The model element w i l l  include the area 45" t o  e i t he r  side o f  the measure- 
ment locat ion (225" t o  315") and halfway t o  the adjacent frames a t  s t a t h s  
985 and 1082. 

- 

This element i s  indicated i n  Figures 111-2 and 111-3. 

Response Equation 

The SEA response equation f o r  the one-element sysiem i s  

This equation simply equates the energy dissipated by damping w i th in  the 
element t o  the energy transmitted from the external acoustic f i e l d .  
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Figure 111-1. MPTA Vibration Measurement Locations (Station 1034) 
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Figure 111-2. SEA Model Element for Unloaded 
Structure 
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Figure 111-3. SEA Model Elemmt for Unloaded Structwe 
(Cross Section ) 
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Damping 

The damping parameter was evaluated with response data measured during an 
acoustic fat igue tes t  of Saturn S-IVS/V interstage panels (Reference 111-1 ). 
These panels feature a skin/str inger construction s imi la r  t o  the current 
structure and are cf s imi la r  size. The approximate re la t i on  f o r  damping 
o f  q = -y, where ( A f ) "  represents the bandwidth t o  the half-power points, 
was evaluated for a number o f  response measurements on the test .  The 
resul t ing values have teen p lo t ted  i n  Figure 111-4. Straight l i nes  have 
been fairecl through these data f o r  a simple graphical approximation t o  
the damping wWch i s  used f o r  t h i s  analysis. The approximation l i nes  
have been positioned on the low side o f  the obvious mean o f  the data since 
low values f o r  damping resu l t  i n  high predicted responses tna t  are con- 
servative f o r  design purposes. 

Element Energy 

The energy of the model element i s  represented by 

The element mass was estimated from avai lable de ta i l  drawings by s w i n g  
the volume o f  the element subsections (skin panels, str<ngers, f r m e  sec- 
tions, etc.) and mul t ip ly ing by the material density. 

Acoustic Power Input 

The external acoustic f i e l d  i s  assumed t o  be reverberant, therefore the 
input term can be represented by 
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The surface of the subject strirctvre i s  composed Qdrtly o f  skin pansls 
A l l 1  and partly of stringers. The correct representation of the tern - 
ml is t h u s  

where the subscripts p and s indicate panel and stringer values, respec- 
tively. Since the stringers tend t o  bound the surface into plate areas 
of relatively small curvature, the approximate relatibn for h igh  frequency 
modal density o f  platzs, 

was utilized for both  skin and strfnger areas. 

I 

N = n ( h )  

V = weight density (7075 A1 = ,101 l b / in3 )  

V = volume 

t = thichess 

yielding 

so m 
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The surface area of the element is approximately 48.5 i n  x 259 in, w i th  
36 str ingers of the cross-sectional dimensions indicated below. 

1 

AS 

The skin pane 

'P 

Then 

The effect ive width of the s t r inger  i s  approximately 8.5 inches. 

= 36(8.5 x 48.5) = 14,841 i n2  

5 are 0.071 inch th ick and have an area o f  

= 48.5 x E259 - 36(4.41)J = 4862 i n 2  

= 151,934 A f  

Acoustic levels me,sured during the MPTA tes t  are presented i n  Figure 111-5. 
The three measurements were averaged f o r  each one-third octave band center 
frequency and the average value used as the required acoustic pressure input: 

The values for <PTy are listed i n  Table 111-1. 
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Figure 111-5. Space Shuttle Fxternal Tank Main Propulsion Test Acoustic Data. 
Three measurements external t o  intertank area (solid lines); 
upper, dashed 1 ine represents measurement subsequent to analysis 
(see text). 
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Table 111-1 

P 

50 
63 
80 

100 
125 
160 
200 
250 
31 5 
400 
500 
630 
800 
1000 
1250 
1600 
2Gco 

- % 
0.52 
0. $3 
0.48 
0.47 
0.46 
0.45 
0.44 
0.3b 

0.25 
0.20 
0.15 
0.12 
0.090 
0.070 
0.054 
0.049 
0.032 

- 
< P*> 
0 
116.5 
117.2 
114.4 
116.6 
116.6 
118.1 
118.9 
118.9 
120.0 
122.2 
121.7 
121.9 
120.8 
1?8.3 
116.8 
115.7 
114.7 

0 
.000794 
.oalOo 
.a126 
,001 58 
.00200 
.00251 
.00315 
.00398 
.0w31 
.00316 
. co251 
-00251 
.(I0251 
.0100 
.0200 
.0316 
,0631 



Radiation efficiency values are taken from Appendix 11, based on a coinci- 
dence frequency of f, = 7683 Hz (for the 0.063-inch thickness of the 
str ingers since they furnish most of the surface area) and a r i n g  frequency 
o f  fr = 198 Hz. These values are also l i s t e d  i n  Table 111-1. 

Response Sol u t i  on 

?he response predictions for the element were determined i n  each one-third 

octave band from 50 t o  2000 Hz. A sample predict ion f o r  the 50 Hz octawe 
band i s  presented below as an example. 

w 
- h2[(1116 x 12)2] [(151,934) &][lo x 8.41 x Id''] [ . ( r O O W ]  

[(a so12][a =J 50 

where Af = - for one-third octave bands. 4.33 

Dividing by g and solving fo r  the mean sqmrcd 

2 

' = 0.0130 9"- 
The acceleration spectral density level  i s  

and the root-mean-squared acceleration i n  t + i s  

acceleration : 

one-thlrd octave band i s  
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The predicted response levels are p lo t ted  i n  Figures 111-6 and 111-7 f o r  
the respective acceleration spectral density and gm i n  one-third octave 
bands. 

The increasing leve ls  above 1000 Hz which are most not'ceable i n  Figure 111-7 
are an unexpected resul t .  
the response so lut ion shows t h i s  resu l t  can be a t t r ibu ted  t o  the rad iat ion 
efficiency. The value f o r  t h i s  parameter i s  control led by the coincidence 
frequency of fc = 7683 H t  for  the 0.063-inch-thick stringers. This fre- 
quency corresponds t o  the peak rad iat ion e f f i c iency  values and i s  higher 
than t yp i ca l l y  encountered wi th  aerospace structures, thus causing the 
rad iat ion ef f ic iency t o  be s t i l l  increasing a t  20@0 Hz wi th  the resu l t ing  
high predicted levels. 

Inspection o f  the input paramster values f o r  

Reference 111-4 demonstrates tha t  f 3  dB accuracy may be expected for an 
SEA response predict ion when 20 o r  modes per analysis band are excited 
i n  each element o r  above the r i n g  frequency f o r  cy l indr ica l  structure. 
That resu l t  was based on a re la t i ve l y  sniall, s+. f f f  vehicle w i th  ~n e l l i p -  
t i c a l  shape. These requirements correspond tci 20 Hz (20 modes) and 209 tiz 
( r ing frequency), respectively. f o r  the current structure. Therefore, 
the predict ions may be exrJected t o  demonstrate k3 dB accuracy a t  frequencies 
above 200 Hz, and probably above 20 Hz. 

Comparison o f  Predict ion wi'-h Measured Test Data 

Subsequent to  completion o f  t h i s  predict ion, MPTA response data were made 
avai1ab:e for comparison. However, one o f  the acoustic measurements pro- 
vided wi th  the response data showed an increase o f  more than 10 dB throughout 
the spectrum (see Figure 111-5), while another measurement agreed with the 
previous acoustic data. 
acoustic data were for a 70% thrust  leve l ,  and tha t  the high measured 
levels were pmbably va l i d  f o r  one side (adjacent t o  Orbi ter  engines) 
o f  the external tan!. a t  the 100% thrust  leve l  wi th a reduction i n  acoustic 
levels around the tar& t o  the opposite side. 

Further invest igat ion revealed tha t  the i n i t i a l  

Because o f  the resu l t ing  
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Figure 111-6. Measured Test Data (dashed line) Y S .  Predicted Response for 
Two Acoustic Input Levels (solid l ines)  xi External 'Tank 
Interstage Area - Unloaded She1 1 Structure 
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uncertainty i n  the exact input acoustic levels, the response predict ions 
f o r  the data comparison are presented i n  Figure 111-6 f o r  two input leve ls  - 
the or ig ina?, averaged value and the high measurement leve l  - with the 
expectation that  the correct  leve l  actua l ly  l i e s  Detween the two. The 
v ibrat ion response data correspond wi th  t h i s  expectation and l i e  ch ief ly  
between the two predictions (SEA response predict ions should be compared 
t o  average values of the response over one-third octave bands i-ather than 
peak response Yalues). A t  1000 Ht, the predicted response exh ib i ts  a 
change i n  slope and begins t o  increase a t  higher frequencies, a r e s u l t  
determined t o  be due t o  an increase i n  rad ia t ion  ef f ic iency values near 
the coincidence freqliency o f  the external str ingers.  This discrepancy 
i n  response wi th  the t e s t  data i s  most l i k e l y  due t o  improper d e f i n i t i o n  
o f  damping values about the coincidence f-equency. This overprediction 
o f  response re la t i ve  t o  the measured levels would lead t o  a conservative 
resu l t  when used f o r  design purposes. 
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Example Problem Number 2 
SPACE SHUTTLE EXTERNAL TANK - LOADED STRUCTURE 

The structure t o  be analyzed i s  located i n  the Space Shutt le External Tank 
intertank area a t  about 200" on the s ta t ion  1034.2 frame ( refer  t o  f igure  111-1). 
This locat ion corresponds t o  a v i  brat ion measurement locat ion used during 
Main Propulsion Test A r t i c l e  (MPTA) tes t ing  f o r  the Space Shuttle, as f o r  
Example Problem 1. The structure i s  iden t ica l  t o  the skin/str inger/r ing 
frame structure o f  Example Problem Number 1, but i s  loaded by the 260 pound 
DFI box i ns ta l l a t i on  and can therefore be considered as t y p k a l  for aerospace 
she l l  structure loaded by heavy components. 

- Male1 

The configuration t o  be analyzed represents structure which i s  loaded by the 
DFI package. This package mounts on supports between frames. The model for  
t h i s  structure w i l l  have two elements, consist ing o f  the external shel l  and 
the DFI package wi th  support intercostals. The she l l  structure t o  be included 
w i l l  extend halfway t o  the frames adjacent t o  those carry ing the support 
structure and a circumferential width ident ica l  t o  twice the support frame 
width, as indicated by Figures 111-8 and 111-9. 

Response Equations 

The SEA response equations f o r  the two-element system wi th  external acoustic 
exc i ta t ion are 

where the subscript 1 denotes external shel l  values, and 2 denotes DFI box 
and in tercosta l  values. 
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Figure 111-8. Structural Configuration for SEA Model of Loaded Structure 

Area of SEA Elernerit Support Brackets 

S t a t i o n  897 941 985 1034 1082 1123 

Figure 111-9. Extent of SEA Model for Loaded Structure 
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Dampi ng 

The dmptng parameter for the external shell is identical to  that o f  Example 
Problem 1 i n  Figure 111-4. 

Test experience w! t h  smaller electronic packages during the Delta program 
indicates respose ampliftcations o f  Q =  6 t o  10 should be expected for the 
DFI package, Therefore, a value for the loss factor o f  n =  0.1 (Q= 10) ms 
adopted for this analysis. 

Modal Density 

The expression for number of modes, N i ,  required i n  the response equation is 
detenined by 

where 
n i  = modal density 

A f  = bandwidth of analysis 

The portion o f  intertank structure which has been desigqated as the external 
shell element is  actually composed o f  several hundred individual parts (skin 
panels, stringers, stiffeners, r i n g  frame segments, fittings, brackets, etc.). 
The modeling o f  a l l  these parts bv one element is a feature of the averaging 
assumptions of the SEA approach and i s  one o f  the most attractive aspects of 
SEA. Almost wi thou t  exception, the individual parts are plates or are formed 
w i t h  multiple plate sections. Therefore, the shell element modal density was 
calculated by sumning the modal detisity of  the individual  plate sections de- 
termined by the approximate relation for h igh  frequency modal density o f  plates, 

1 

=2P- 12v (1-v2) 

= 6.52 modes/Hz 
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A where 1 
tions. 

represents the smat ion  of valves for a l l  pwts and their subseca 

The second element is made up o f  the DFI package plus the supporting inter- 
costal structure. The DFI package consists of a box, whose plate elemerlt 
modal densities can be deterwined as abavc, p l u s  a panel loaded w i t h  electronic 
canponents. Reference 2 indicates that the loaded panel will exh ib i t  a greater 
stiffness (aLl resultant lower modal density) t h a n  an identical unloaded panel. 
An increase i n  stiffness by a factor of 2 was assumed for the loaded panel. 
The resu l t i ng  modal density For the box element is 

t [(t) +L(# 1 
box panelJ 

= 0.27 -1- 0.12 

= 0.39 modes/Hz 

The modal density for the supporting intercostal5 i q  also determined w i t h  
the plate equation: 

Therefore the to t a l  modal density for this element i s  

n z ( f )  = nDFI(f) + n I ( f )  = 0.71 

Modal Coup1 i ng 

The model elements are coupled by the jo in t  betweerr the vehicle shell and the 
DFI support intercostals. This j o i n t  i s  essentially two plates joined a t  
r i gh t  angles. For the case o f  equal p l a t e  stiffnesses which is approximately 
satisfied (.071 inch intercostals and .071 inch skin w i t h  supplementary s t i f f -  
e i i m ) ,  Reference 3 gives the relation for coupling loss factor of 
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T112 = 

L = Joint length 

From the basic deft i  i t ion ,  

h 2 N 2  
n12 = - 

w 

so that  

ct: 
which makes use of & = 4.33 for the one-third octave bandwidths t o  be used 
for analysis. 

Element Energy 

The element energy was handled as i n  Example Problem 1. 

- 484 lbs 
9 m l  - 

i 
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Acous t i c Power Input 

This term was also handled as i n  Example PFoblem 1. The appl icrble term for  
AN - i s  m 

(F) = 237,473 A f  
surface 

- .  Response Sol u t i  on 

The response predict ions f o r  each element were determincd i n  each one-third 
octave band from 50 t o  2000 Hz. A sample predict ion fo? the 50 Ht band I s  
presented below as an example: 

Substi tut ing tor the parameter vzlces, the expressions become 

-- 
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whew B f  = - ' for one-third octave bands. 
4.33 

Dividing by g and solving for the mean squared accelerations: 

The acceleration spectral density levels are 

and the root-mean-squared acceleration i n  this one-third octave band i s  

(gmS), = @ l 3 =  0.0257 

The predicted response levels are plotted i n  Figures 111-10 through III-;2 
i n  acceleration spectral density and gms i n  one-bird octave bend formats. 

The critericn of 20 mode; per analysis band i r i  tach element as a requirement 
for SEA prediction accuracy is  satisfied for the moael a t  125 Hr, indicating 
predictions w i t h  +3 dl3 azcuracy above this frequency. 
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Figure 111-10. Predicted Response ( g 2 / H r )  for External Tack Interstage Area 
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Comparison of Prediction wi th  Measured Test Data 

The structures analyzed i n  Example Problems Nmbers 1 and 2 were selected 
t o  provide an evaluation o f  SEA methods i n  appl icat ion t o  loaded and un- 
loaded structure. To circumvent L . e f fec t  o f  the uncertainty i n  the 
acoustic input leve ls  as noted i n  ExanpIe Problem Nunber I, the avai lable 
t e s t  data have been compared t o  the predicted values i n  a r e l a t i v e  sense 
between the loaded structure o f  t h i s  example problem and the unloaded 
structure o f  Examp!s Problem Number 1. A comparison o f  the element 1 
response i n  Figure 111-10 wi th  the lower predicted curve o f  Figure 111-6 
shoblt the s t ructura l  loading t o  have no e f f e c t  on the predicted values 
which a re  essent ia l ly  ident ica l .  Figure 111-13 shows the approximate 
aver;<? spectwn values ( fa i red graphical ly through the data) for the 
t e s t  measurements. These data show the loaded structure t o  have reduced 
respanse r e l a t i v e  t o  the unloaded structure below approximately 800 Hz, 
and essent is l l y  the same average spectrum leve ls  above tha t  frequency. 
For t h i s  case and based on these speci f ic  measurement locations, the SEA 
method furnishes accuracy w i th in  3 dB only above 500 Ht,  which corresponds 
to 80 modes per analysis band i n  each element. 

Prediction o f  the r e l a t i v e  response o f  the loaded structure through t rad i -  
t iona l  mass scaling would resu l t  i r i  a reduction o f  response by the r a t i o  

= 0.630 484 l b s  
484 lbs  + 280 lbs 

o r  approximatzly 2 dB. The  SEA method obviously y ie lds  more accurate 
resul ts  i n  the higher frequencies. 
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Figure 111-13. Comparison of Relative Response for Test Measurements on 
External Tank Interstage Area Unloaded and Loaded Structure - 
Approximate Average Values 
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Example Problem Number 3 
SPACE SHUTTLE EXTERNAL TANK -. ZETAILED ANALYSIS OF LOADED STRUCTURE 

The structure t o  be analyzed i s  ident ica l  t o  tha t  o f  Example Problem Number 2 
and i s  located i n  the Space Shutt le External Tank intertank area a t  about 
200" on the s ta t i on  1034.2 frame ( refer  t o  f igure 111-1). This locat ion 
corresponds t o  v i  brat ion measurement locations used during Win Propulsion 
Test A r t i c l e  (MPTA) test ing f o r  the Space Shuttle, as f o r  Example Problems 1 
and 2. The structure i s  ident ica l  t o  the skin/str inger/r ing f rame structure 
wi th  DFI box i n s t a l l a t i o n  o f  Example Problem Number 2, but  w i l l  be modeled 
i n  more deta i l ,  including internal acoustic exci tat ion,  t o  provide a rzsponse 
comparison f o r  a measurement locat ion on an equipment Dane1 ins ide the DFI  box. 

Model 

The configuration t o  be analyzed represents structure which i s  loaded by the 
DFI package. This package mounts on supports between frames. T h e  model for 
t h i s  structure w i  11 have four elements, con, ' - t in9 o f  external she1 1, D F I  
support intercosta?s, D F I  box equipment panel, and DFI box cover. The shel l  
structure t o  be included w i l l  extend halfway t o  the frames adjacent t o  those 
carrying the support structure and a circumferential width ident ica l  t o  
twice the support frame width, as indicated by Figures 111-14 and 111-15. 

Response Equations 

The SEA response equations f o r  the four-element system w i th  external acoustic 
exc i ta t ion are: 
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(with cmponents) or; .  

f l  I 
Station 897 941 985 1834 1082 1123 

Figure 111-14. Strrrcturel Configuration for  SEA Model 

Area o f  SE4 Element Support Brackets 

4 1 91.9 1 
Statfan 897 941 98s 1034 1082 1123 

Figure 111-15. Extent of SEA Model f o r  Loaded Structure 
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where subscript 1 denotes external she1 1 values, 2 denotes in tercosta l  values , 
3 denotes OF1 box equipment panel values, and 4 denotes DFI box cover values. 

Damping 

The damping parameter f o r  the external she l l  i s  ident ica l  t o  tha t  o f  Example 
Problem 1 i n  Figure 111-4. 

The damping parameter f o r  the D F I  box/intercostal element o f  Example Problem 2 
was assigned a loss factor  value o f  rt = 0.1. This value was also adopted 
i n  the current example problem for each o f  the three elements (panel, cover, 
in tercosts ls)  resul t ing from subdivision of the previous DFI box/intercostal 
element. 

Modal Density 

The modal density parameters were calculated during Example Problem 2 as 

n, ( f )  = 6.52 modes/Hz 
n, (f) = 0.32 modes/Hz 
n,(f) = 0.12 modes/Hz 
n, ( f )  = 0.27 modes/Hz 

Modal Coup1 i ng 

Three j o i n t s  are incl l  ret., w i t 4  the model. The shel l / intercostal  j o i n t  was 
evaluetet dcr ing Example Problem P and assigned the value 

The DFI box i ;  connected t o  the  intercostals by eight flanges which connect 
t o  r ight-angle intercostal  brackets. Therefore the j o i n t s  were considered 
as two plates jo in ted a t  r i g h t  angles and evaluated fol lowing the approach 
used for the shel l j in tercosta l  j o i n t .  

C L  
$23 = w s  

N j  2n2 f A ,  
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The jo in t  between the DFI box cover and equipment panel is also a r ight  
angle connection between two plates and was evaluated as i n  Example Prob- 
lem 2. 

C L  
934 d?L- 

Nb 2 m 2 f A 3  

The effective thi  ckness 
t o  evaluate the term 

(5) = $ 

o f  the laminated alminum and balsa plates required 

was 
fO0" 

The 

2 
determined through evaluation of  the bending r igidi ty,  b = me2 CQ 
an equivalent single-lhyer plate of aluminum 

equivalent laminated all-alminm plate w i t h  the same r ig id i ty  has the 

Ebalsa 
A1 

where L 2  = - - o L 1  = 0.04 L l ,  since i n  the center lsver 

where the volume term, V ,  i s  evaluated per u n i t  depth. 
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For the equivalent center section o f  aluminum: 

Equating the terms 

or 
EB 

L p  = - L1 
EAR 

The e f f e c t i v e  thickness of  a single-laryer plate o f  aluminum w i t h  the same 
rigidity i s  defined by 

For the eqitivalent laminated aluminum pla te ,  

and for a single-layer plate, 

t2 
12 ( K ' ) 2  = - 

yielding t2 = h: - .96 h: 
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For the DFI box equipment panel, hl = 0.96 in ,  hp = 0.92 in ,  so 

t = 0.33 i n  

i s  the required effect ive thickness. 

Element Energy 

The element energy was handled as i n  Example Problems 1 and 2: 

19.7 lbs 
9 

m2 = 

215.3 ibs  
9 

m 3  = 

34.7 lbs 
9 

m4 = 

Acoustic Power Inp-ut 

This term f o r  the external , i m s t i c  power input  i s  handled as i n  Example 
Problems 1 and 2, The applicable term for  i s  An 

= 231,473 A f  

The in ternal  acoustic f i e l d  was assumed t o  be reverberant. Therefore, 
the internal  acoustic exc i ta t ion was handled i n  the same manner as the 
external acoustic exci tat ion.  The input t e r n  i s  
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A l l  o f  the modes of t h i s  element are surface modes, so 

= n4 = .27 modesltft "b(surface) 

The surface weight density for the cover i s  0.00603 lb / in2.  
the term i s  

Therefore 

386 (.27 A f )  = 17,284 A f  
A N  
1,4, 
mo m 

The in ternal  sound pressure levels were measured during MPTA test ing and 
are  l i s t e d  in Table 111-2. 

The radiat ion e f f i c i e w y  values for the DFI box cover are f r o m  Appendix 11, 
based on a coincidence frequency o f  1434 Ht .  This coincidence frequency 
f o r  the lamineted aover i s  given by 

where the equivalent thicknpss f o r  the cover was determined, as i n  the 
Modal Coup1:cg section o f  t h i s  example problem, t o  be 

t = 0.189 in.  

The rad iat ion ef f ic iency values are also l i s t e d  i n  Table 111-2. 
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Table 111-2 

Frequency 
-k !zL 

50 

63 

80 

100 

125 

160 

200 

250 

31 5 

400 

500 

630 

800 

1002 

1250 

1600 

2000 

<I=> 
(dB re 2 x loo5 N/R') 

122.9 

124.4 

125.6 

126.2 

126.5 

126.5 

126.3 

126.0 

125.5 

i24.7 

'i 23.6 

122.5 

120.8 

119.5 

117.5 

116.5 

115.5 

U - 
0.003 16 

0.00398 

0.00501 

0.00631 

0.00794 

0.0126 

0.01 58 

0.0209 

0.0251 

0.0316 

O.O3;8 

0.0501 

0.0631 

0.126 

0.591 

3.98 

2.03 
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Response Solution 

The response solutions f o r  each element were determined i n  each l i 3  octave 
band fron: 60 t o  2000 H t ,  A sample predict ion for tX, 5$!!r.kew!-,js presented 
below as an example. 

4.%- 
d. 

Substi tut ing for the paramter values, the expressions become 
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where d f  = 1.53 f o r  1/3 octave bands. 

Dividing by g and w l v i t l ?  f o r  the mean squared accelerations: 

-7- 

2 9 

.:z 
g2 

<al’ - 
-I_ - ,0135 

L = . I38 
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The acceleration spectral density levels are 

and the mot-mean-squared acceleration i n  th is  1/3 octave band i s  

The predicted response levels are plotted i n  Figures 111-16 through 111-21 
i n  acceleration spectral density and ems ir! 1/3 octave band formats. 

The cr i ter ion o f  20 modes per analysis band i n  each element as a requirement 
f o r  SEA predictfoir accuracy i s  sat is f ied lbr the model a t  800 Hr, indicating 
predictions with f 3 dB accuracy above th is  frequency. 
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Figure 111-16. Predicted Response (g2/Hz) for External Tank Interstage Area 
(Element!: 1 and 2) 
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Figure 111-17. Predicted Response (g2/Hz) for External Tank Interstage Area 
(Elements 3 and 4)  
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Comparison o f  Prediction wi th Measured Test Data 

Subsequent t o  completion o f  t h i s  analysis, MPTA response data were made 
avai lable for comparison with the predicted responses of elements 1 and 3. 
The external shel l  (element 1) predict ion i s  essent ia l ly  the same as for 
Example Problem Number 1 and has been previously discussed. The data 
comparison f o r  the DFI equipment panel (element 3) i s  presented i n  Fig- 
ure 111-22. The comparison shows the predict ion t o  Curnish a good 
approximation t o  the average response a t  frequencies above 130 Hz. The 
peak i n  predicted response a t  1600 Hz i s  due t o  a coincidence frequency 
effect o f  the DFI box cover (element 4), s im i la r  t o  the external shel l  
response pe;king discussed i n  Example Problem Number 1, which was at t r ibuted 
t o  improper damping def in i t ion near the coincidence frequency. 

A supplementary check case was performed t o  evaluate sens i t i v i t y  o f  the 
panel response predict ion t o  var iat ion i n  the external acoustic levels. 
The external acoustic levels were increased b.y 6 dB f o r  the check case 
and resulted i n  essent ia l ly  no change i n  the predicted DFI panel response, 
showing i t  t o  be mainly driven by the in ternal  acoustics. 
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100 3 000 10,000 

FREOUENCY 0-42) 

Figure 111-22. Comparison o f  Measured Test Data (dashed line) with Predic'ed 
Response ( s o l i d  line) for DFI Equipment Panel (El-emnt 3 j  
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Example Problem Number 4 
SPACE SHUTTLE RETRIEVABLE SPACECRAFT 

The structure t o  be analyzed consists o f  the f a i r i n g  f o r  a Delta launch 
vehicle and a payload spacecraft. The payload attaches d i r e c t l y  LO the 
f a i r i n g  rather than t o  a lower stage o f  the Celta launch vehicle. This 
analyst., ?lakes use o f  the averaging a b i l i t i e s  of SEA t o  provide a gross 
estimate o f  the pqyload response f o r  evaluation o f  the attachment configura- 
t ion. The analysis u t i l i z e s  information and data obtained during a number 
o f  previuus modal analyses of the Delta launch vehicle and payload space- 
c ra f t .  Since the f a i r i n g  response t o  the f l i g h t  acouslic environment had 
bee? previously measured, the system was treated as having a mechanical i n -  
put  from the fa i r ing  t o  the spacecraft. 
f a i r i n g  average response w i th  the spacecraft connected d i r e c t l y  t o  the fa i r ing.  
Since t h i s  configuration may be expected t o  attenuate f a i r i n g  response some- 
what due t o  mass loading,the spacecraft response predict ions presented herein 
are expected t c  be a conservative estimation. 

This treatment assunes no change i n  
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Mcde? 

The model Tor the structure will have two elements, one for the fair ing and,*' 
one for the payload. These elements are i l l u s t r a t e d  i n  Figure 111-23. 

' '*  s- 

r 
I 
I 

1 

I 

Figure 111-23. SEA Model o f  Fairing and Payload Spacecraft 
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Response Equations 

The SEA response equations fo r  the two-element system w i t t i  external acoustic 
exc i ta t ion are 

where the subscript 1 denotes external shel l  v<lliles, and 2 denotes DFI box 
and intercostal  values . 
Since the response o f  element 1 i s  known, the rvsponse of element 2 can be 
determined usi ng only the second equation : 

Damping 

A damping value c f  1-1/2% (r;=O.Q3) was ilsed f o r  both o f  the model elements. 
This damping value had previously been selected i o r  use with modal analyses 
of the Delta f a i r i n g  and payloads. 

Modal Density 

The modal density of the f a i r i n g  was calculated by assuming zhe isogr id  
structure t o  be composed o f  beam and p la te  elements. Modal densit ies 
were then calculated f o r  each o f  tho beam and p la te sub-elements, and these 
sub-element values were summed t o  g ive the t o t a l  modal density of the 
fa! r i ng  . 
The modal density of a s ingle p la te sub-elemect i s :  
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and for a beam: 

Total 1 ing the mQa1 densities : 

The simmatiow account for  a l l  the modal pwperties o f  the stiffeners and 
sk in .  The values fcr t k s e  s h . ’  used f o r  the fairfng we?@: 

These mdal densities were corrected f o r  ctirvatu, e effects based on a r ing 
frequeniy c f  650 Hz. 
resu l t ing  number o f  r ides f o r  .each frequency band o f  analysis i s  listed i n  
Table 111-3. The plate modal density eqmtion presented is  actually for free- 
free kundary conditions, btii y-ie:ds a valid approximition fo r  a l l  boundary 
conditions a t  high frequencies. 
overestimate the modal density i n  the lower frequencies of malysis. 

rrection factors , w e  obtained fro71 Reference 4. The 

However. this technique i s  tixwcted t o  

The modal density o f  3 “typ!cal” payload i s  estimated to be approximately 
the ;sic as for the fairing. 
the  results o f  modal ana1,vses far the fairing cnd for  2000-psund and 4000- 
pound Lelta payloads. The results of the andlyses,, presented i n  Figures 
111-24 and ZiI-25, yield essentially identical cstinlates f o r  the modal dcnsjties 
09 the two elmelits. Although sinple, bearr-type nioaels were used for 
t tse aq:;lys,:, tile r e l a t - v e  equality of tne modal densities m y  be expected 
Lo ; m i i n  when the higher  fteiuencj wdes are cc?side:..!d. 

T h i s  stimate i s  based n comparisons of 



Table 111-3 
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0.45 
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Modal Coup1 i n q  

In  order t o  estimate the coupling parameter, the s t ructura l  j o i n t  between 
the Saturn S-I1 a f t  s k i r t  and thrust  structure assemblies was selected as 
typ ica l  o f  the fa i r ingipayload j o i n t .  The S-I1 a f t  sk i r t / t h rus t  structure wa I 

modeled as an SEA system o f  two elements wi th  only tne a f t  s k i r t  external ly 
excited. This model permitted solving f o r  the ccupling parameter o f  the 
system using the e x p l i c i t  response solut ion 

where "TI' subscripts indicate the thrust  structure and "A" subscripts indicate 
the a f t  s k i r t .  

Assuming thrust  structure damping t o  be a maximum o f  1 percent and that  the 
coupling decreases wi th  frequency a t  the same rate which MCAC experienced 
w i th  the UPSTAGE evaluation, the S-I1 a f t  sk i r t / t h rus t  structure SEA coupling 
parameter was estimated t o  have the values shown i n  Figure 111-26. These 
values were used f o r  the coupling parameter o f  the fairing!payload model. 

Element Energy 

The element energy was handled as i n  Example Problem 1. - 
'ai2> 

Ei = mi - 
Id2 

1348 Ibs  
J 

m l  = 

39W Ibs 
S 

m2 = 



Figure 111-26. Field-Joint Coupling ( # 0 )  for Del ta/Payload AnJlysis 
(Based on S-I1 Data) 

The measured response o f  element 1 i s  shown in Figure 111-27 in an accelera- 
tion spectral density format w i t h  units o f  

Therefore 

ca(-i be evaluated from Figure 111-27 by using Lbe PSD value for the center 
frequency as representative over the banchvidth, A f .  The PSD vzlues used for 
analysis are listed in Table 111-3.' 
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The response predictims for each element were determined i n  each one-third 
octzve band fran 25cl to 2000 Hz. A sample prediction for the 250 Hz band i s  
presented below as an example: 

Substitutinq for  the parameter values, the expression becmas 

-2 (6.33) (1 .75)  1 1 348 gz(?k)( 3.0) 1 3900 <a2> 
-- - - _I--. - 

g ( 2 ~ x 2 5 0 ) ’  ([ZnX250][0.03?+[(63~)(1.75)]1 9 ( 2 ~ x 2 5 0 ) ~  

where A f  = .r33 for one-third octave bands. 



The acceleration spectral density leve: i s  

and the rool-wean-squared acceleration i n  +his one-third octave band i s  
I 

The predicted response levels  are p lo t ted  i n  Figures 111-28 and 111-29 
i n  acceleration spectral density and g,, i n  one-third octave band formats. 
As previously noted, these levels  can be expected t o  represent a conservative 
overestimate of the actual response due t o  an expected attenuation af the 
f a i r  response i n  t h i s  configuration. 
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Appendix I V  

SEA RESPONSE SOLUTION PROGRcv4S FOR 
HEWLETT-PACKARD AND TEXAS INSTRUMENTS CALCULAT3RS 

SOLUTION FOR MODEL RESPONSES 

One o f  the f i n a l  steps o f  the SEA appl icat ions procedure w i l l  be the mathe- 
matical so lu t ion f o r  the system response. Because o f  the r e p e t i t i v e  nature 
o f  the response calculat ions f o r  the various frequency bands o f  an analysis 
(of ten the 14 one-third octave bands from 100 t o  2000 Hz w i l l  be included 
i n  an analysis), response calculat ions can be expediently accompl i s h 4  through 
the use of preprogramned solutions. Such programs also el iminate the errors  
which occur with monotonous, repet i t ive,  hand calculations. The capab i l i t y  
o f  many programable hand calcu?ators i s  su i tab le f o r  so lu t ion o f  the smaller 
conrmon model sizes. Programs for both Hewlett-Packard and Texas Instruments 
programable cal cul  ators are provided, thus encompassing the more popular 
equipment i n  current use, as wel l  as providing examples i n  both reverse 
pol ish and algebraic notat ion f o r  modif icat ion t o  addi t ional  ca lcu lator  
sys terns. 

HEWLETT-PACKARD (HP-67, HP-97) SEA RESPONSE PROGRAM - TWO ELCEIENTS 

Descri p ti on 

This program provides the SEA response so lut ion f o r  a system o f  two elements. 
The response equations are 

The erergy input terms may be input d i r e c t l y  t o  the program o r  can be ca l -  
culated i f  a reverberant acc s t i c  f l ’ela provides the s t ructura l  exci tat ion.  
The required iiIpUtS t o  the program are  l i s t e d  b e l w :  
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f -  

Af - 
01 - 
Q2 - 

$12 - 

s 2  - 

center frequency of analysis band (Ht) 

bandwidth (Hz) 

element 1 darqing factor (dimensionless ) 

element 2 damping factor (dimemionless) 

coupling value for elements 1-2 

element 1 modal density (modeslltt) 

element 2 modal denzity (modes/Hz) 

weight of element 1 (Sbs) 

weight o f  element 2 ( lbs) 

element 1 energy i n p u t  (e-) 
element 2 energy i n p u t  (z-, in-lb’j 

(modE. 

Additional requirements i f  the Si are t o  be calculat2d for a reverberant 
acoustic field: 

C, - speed o f  sound i n  surrounding medium (+n/sec) 

) 1 in 3-modes (%) - element 1 surface mass parameter \lb-sec2-H~ 
1 

i n 3-modes (p) - element 2 surface mass parameter (1 b-sec2 -Hz 
2 

(SPL),  - element 1 sound pressure level (dB) 

(SPL), - element 2 sound pressure level (dB) 

u2 - element 1 radiation efficiency (dimensionless) 

u2 - element 2 radiation efficiency (dimensionless) 

O u t p u t  from the program i s  the root-mean-squared acceleration of tbe elemettts 
over the i n p u t  frequency interval: 
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USER INSTRUCTIONS 

Display Enter 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
l l e  

-- 
2.0 
hrf 
At. 

Input number o f  elements (N= 2 )  
Input center frequency 
Input bandwidth 
Input damping of element 1 
Input damping of element 2 
Input element coup1 ing 
Input modal dEnsity of element 1 
Input modal densitjf Df element 2 
Input weight o f  elemcnt 1 
Input weight J f  element 2 
Input "0" i f  element energy input 
terms ( S i )  are t o  be input t o  
program; input "1" i f  reverberant 
acoustic input is t o  be calculated 
by program and see below. 
Input SI 

2.0 
f 

A f  

12a 

13a 

R i S  

R/S Input S 2 ,  obtain solut ion S 1  

14a 

15a 

-!lb 

Obtain so lut ion fo r  e;t,.s-bt 2 

Check f o r  end o f  pl-ogram -e R/ s 

A1 ternate s o l u t i m  w i th  calcula- 1 
t ions f o r  reverberant acoustics 
Input speed o f  s o m i  ( in/sec> CO 

1 

12b 

13b 

CO 

Input (2) f o  * elemellt 1 

Input ($) f o r  element 14b 

15b 

16b 

17b 

Input SPL for element 1 

Input SPL f o r  elanent 2 

(SPL) 1 

(SPL 1 2  

Input radiat ion ef f ic iency f o r  01 
element 1 

1 Lb Input r a d i a t i m  ef f ic iency f o r  0 2  
elernerit 2, obtain solut ion 
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Enter ?wss Display 

19b Obtain solut ion for element 2 /T R/S Fg- 
“tu - 

0 

20b Check for end of program -- R/ s 0 

Data Regi s te’ 5 

A TJ1 

B q 2  

C (J 1 

3 H Z  

E n l  
I ( 2 n f ) 2 / 3 8 6  
0 n2 

1 4J 12 

2 S 1  

3 s 2  

4 N 

5 21rf 

6 a l l  

7 
8 
9 
Pn 
P 1  
P 2  
P3 
P 4  
P5 

P6 

P7  

P8 
P9 

A f  
-- 

where the a i  i represent progrm-generated matrix elements. 
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TEXAS lNSTRUMENTS (TI  PROGRAldvlABLE 59) SEA RESPONSE PROGM - T#o 0R.TtIREE 
ELEHEIJTS 

Description 

This program provides the SEA response solut ion f o r  a system o f  two o r  three 
elements. The response equations are: 

The energy inpu+ terms, S i ,  m a y  be ir!put d i r e c t l y  t o  the program o r  can be 
calculated i f  a reverberant acoustic f i e l d  provides the structural  excitation. 
The required inpiits t o  the program are l i s t e d  below: 

f - center frequency o f  analysfs band (Hz) 

hf - bandwidth (tit) 

q l  - element 1 damping factor (dimensionless) 

n2 - element 2 dmping factor (dimensionless) 

q 3  - element 3 damping factor (dimensionless) 
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$18-2 - coupling walue for elements 1-3 ( b ~  
$23 - &upling walue f o r  elements 2-3 (B) 1 

nl  - element 1 modal density (modes/Hz) 

nz - element 2 mo$al density (modes/Hz) 

ns - element 3 modal densitp (modes/@) 

W 1  - Mi@t O f  el-t 1 ( lbs) 

WZ - might of  element 2 (lbs) 

Ys - weight O f  el-t 3 ( lbs) 

~2 - element 2 energy input (s) 
SS - e m n t  3 energy input (w) 

Additional requirements i f  the S i  are t o  be calculated for a reverberant 
acoustic f ie ld :  

6, - speed o f  sound i n  surrounding medim (in/sec) 

) in3-mdes 
1 b-sec2 -Hz (Fj3 - element 3 surface mass parameter ( 

(SPL)l - element 1 sound pressure level (dB) 

(SPL)2 - element 2 sound pmssure level (dB) 

(SPL)s - element 3 sound pressure level  (dB) 

(31 - element 1 radiat ion ef f ic iency (dimensionless) 

u2 - element 2 radiat ion ef f ic iency (dimensionless) 

u3 - element 3 radiat ion ef f ic iercy (dimensionless) 

94 



USER IHSTRUCTlO#S 

P-re - N =  2 (see fol lowing procedure for W =  3) 

stee 
oa 
QB 
oc 
1 

2 
3 
4 
5 
6 

'- 7- 
8 
3 

10 
1 l a  

.- 

1 2a 

1% 

14a .. 

1 5a 

l l b  

12b 

13b 

14b 

15b 
16b 

Par t i t i on  srearory 
Inser t  program 
I n i t i a l i z e  program 
Input 

Input 
Input 
Input 

Imt 
IWt 
Input 
Input 
input 
Input 
Input 
t e r n  
input 
i npu t 

nirmber of elementsr N 

center frequencp 
bandwidth 
dmping'of element 1 
damping o f  element 2 
clement couplhg 
modal density o f  element 1 
modal density of element 2 
weight of element 1 
m i g h t  o f  elesnent 2 
"0" if element energy input 
a re  t o  be fnput to program; 
"1" if reverberant acous th  
i s  to be calculated bsc - 

program, and see below 
Input S, 

Input Sa,  obtain solut ion 

Obtain solut ion for element 2 

Check f o r  end o f  program 

A1 ternate so?ution wi th calcula- 
tf ons f o r  reverberant acoustics 
Input speed o f  sound ( i n / s w )  

Input (F) f o r  element 1 

Input (+) for element 2 

Input SPL f o r  element 1 
Input SPL f o r  element 3 

e 

2 R/s 

1 

CO 

Preriaus 
t - r e g i s w r  

arf 
bf 

nr 
2 
2 

n1 
2 
# I  

386 
0 

-R, s 0 

R/S 0 

R/S 2 
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- I l a  
QIY 
k 
'1 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16ii 

Input center frequency 
Input bandwidth 
Input damping of element 1 
Input damping o f  element 2 
Input damping of element 3 
Input coupling for elements 1-2 
Ifiput coupling for elements 1-3 
Input pupling for elements 2-3 
Input modal density of clement 1 
Input modal density o f  element 2 
Input modal density of element 3 
Input weight o f  element 1 
Input weight o f  element 2 
Input wetght o f  element 3 
Input "0" if element energy input 
terms are to be input to program; 
input I'1" i f  reverberant acoustic 
input is to be calculated by 
program and see below 

4 
u 

3 

f 
bf 

n1 

172 

173 

(8 19 

$13 

n1 

n2 

n 3  

Wl 

# 2  

% 

(823 

0 

639.39 -- 
hwious  
t-mi ster 
2uF 
af 
171 

2 

173 

2 

$13 

n1 
2 
n3 
MI 

2 
386 
0 

(82 3 
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1 la 
18a 

1% 

2oa 

21 a 

22a 

16b 

17b 

18b 

1% 

20b 

21 b 
22b 
23b 
24b 

25b 

26b 

27b 

28b 

29b 

Input Sg 
Input s p  

Input SSr obtain solution 

Obtain solution for elanent 2 

Obtain solution for element 3 

Check for end o f  program 

Alternate solution with calcula- 
tions for rewerberant acoustics 
Input speed of somd (in/sec) 

Input ($) for element 1 

Input ($j for element 2 
Input (F) for element 3 

Input SPL for element 1 
Input SPL for element 2 
Input SPL for element 3 
Input radiation efficiency for 
element 1 
Input radiation efficiency fo r  
element 2 

InDut radiation efficiency for 
elbent 3, obtain solutioi 

Obtain solutlon for element 

Obtain solution for element 

Check for end of program 

1 US 
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- or 
Q2 

03 

oa 
09 

@ 
81 

88 

09 

10 

11 

12 

13 

14 

15 

I6 

17 

18 

19 

-, 
3 

26 

21 

22 

23 

24 

25 

26 

27 

za 
29 

30 

31 

32 

33 

34 

35 

36 

37 

3% 

39 

where the ail represent program-generated matrix elements. 
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Loc KEY 

000 42 STO 
001 28 28 
002 32 XZT 
003 91 R 4  
004 65 x 
005 02 2 
006 65 X 
007 70 RAD 
008 01 1 
009 94 + f -  
010 22 INV 
011 33 cos 
012 95 = 
013 42 STO 
014 30 30 
015 91 RNS 
016 42 STO 
017 29 29 
018 91 RfS 
019 42 STO 
020 12 12 
021 91 R i S  
022 42 STO 
023 13 13 
024 02 2 
025 6? EQ 
026 22 I N V  
027 91 R 4  
028 42 STO 
029 14 14 
030 76 LBL 
031 22 I M Y  
032 91 R l S  
033 42 STO 
034 21 21 
035 02 2 
036 67 EQ 
037 23 LNX 
038 91 R 4  
039 42 STO 
040 22 22 
041 91 R 4  
042 42 STO 
043 23 23 

045 23 LNX 
046 91 R.fS 
047 42 STO 
048 18 18 
Ct49 91 RJ'S 
QSo 42 STO 
051 19 1'3 
052 02 2 
05.3 6;  EQ 
094 24 CE 

044 76 LeL 

I 
I f L i ?  bM5 I l lS~Ml lEl l fE  IlUO@Ol3!ad 

P R O W  LISTIM6 

pqEqKEYI 
0cS;s 91 RJS 
056 42 STll 
057 20 20 
058 76 LBL 
059 24 CE 
060 91 RNS 
061 42 STO 
062 15 15 
063 91 R . 4  
064 42 STD 
065 16 16 
066 02 2 
067 67' EQ 
068 25 CLR 
069 91 RJS 
070 42 STO 
071 17 17 
072 76 LBL 
073 25 CLR 
074 03 3 
075 08 8 
076 06 6 
077 42 STO 
078 27 27 
079 91 R/S 
080 32 X t T  
081 00 0 
082 67 EQ 
083 32 X:T 
084 91 R.jS 
085 42 STO ' 

086 02 02 
087 91 RfS 
US8 42 STD 
089 04 04 
090 91 Rt*'S 
091 42 STO 
092 10 10 
093 43 RCL 
094 28 22 
045 32 Xi'T 
036 02 2 
097 67 EQ 
0'38 33 112 
1199 91 R/*.S 
100 42 STO 
101 11 11 
lU2 76 LBL 
103 33 ;.;E 
104 91 R,S 
105 42 STO 
106 06 06 
107 41 R/S  
108 42 STO 
- 104 07 07 - 

99 
- -  

- 
~ LoclcoDfi KEY 
110 02 2 
1 i 1  67 EQ 
112 34 rx 
113 91 RJS 
114 42 STD 
115 08 08 
116 76 LBL 
117 34 J X  
118 91 RfS 
119 42 STR 
120 03 03 
121 91 R . 4  
122 42 STO 

124 02 2 
125 67 EQ 
126 35 1,x 
127 81 R/S 
128 42 STO 
129 05 OS 
130 76 LBL 
131 35 1.4 
132 01 1 
133 94 +/-  
134 22 INV 
135 39 COS 
136 65 X 
137 43 RCL 
138 02 02 
139 33 Xz 
140 65 x 
141 08 8 
142 93 . 
143 04 4 
144 01 1 
145 52 €E 
144 01 1 
147 08 8 
148 94 + / -  
149 55 - 
150 43 RCL 
151 30 30 
152 27 IN t !  
153 52 EE 
154 33 ):z 
155 '35 = 
156 42 STD 
157 01 01 
158 65 :1: 
IS9 01 1 
160 00 0 
161 45 Y X  
162 53 < 
163 43 RCL 
164 06 06 
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165 55 + 

271 65 x 
272 *43 RCL 
273 22 22 

166 01 1 
167 00 0 
168 54 1 
169 65 X 
170 43 RCL 
171 09 09 
172 65 x 
173 43 RCL 
174 03 03 
175 95 = 
176 42 STO 
177 24 24 
178 43 RCL 
179 01 01 
180 65 X 
181 01 1 
182 00 0 
183 45 ‘F 
184 53 < 
185 43 RCL 
186 07 07 
187 55 + 
188 01 1 
189 00 0 
190 54 
191 65 x 
192 43 RCL 
193 10 10 
194 65 X 
135 43 RCL 
196 04 04 
197 95 = 
198 42 STD 
199 25 25 
200 02 2 
201 67 EQ 
202 42 STU 
203 43 RCL 
204 01 01 
3-35 65 x 
206 01 1 
207 00 0 
208 45 Y X  
209 53 ( 
210 43 RCL 
211 08 08 
212 55 + 
213 01 1 
214 00 0 
21s 54 1 
216 45 x 
217 43 RCL 
218 11 l i  

326 43 ROL 
327 23 23 
328 65 x 

221 0s 05 
222 9s = 
223 42 STU 
224 26 26 
225 61 GTO 
226 42 STO 
227 76 LBL 
228 32 N I T  

230 42 STO 
231 24 24 
232 91 R f S  
233 42 STO 
234 25 25 
235 43 RCL 
236 28 28 
237 32 X I T  
238 02 2 
239 67 EQ 
240 42 STO 
241 91 R . 4  
242 42 STO 
243 26 26 
244 76 LBL 
245 42 STO 
246 00 0 
247 42 STO 
248 31 31 
249 42 STLl 
250 35 35 
251 43 RCL 
252 30 30 
253 33 x 2  
254 55 f 
255 43 RCL 
256 27 27 
257 95 = 
258 42 STO 
259 27 2? 
260 43 RCL 
261 28 28 
262 32 X t T  
263 02 2 
264 67 El3 
265 43 RCL 
266 43 RCL 
267 29 29 
268 65 x 
2b9 43 RCL 
270 18 18 

229 91 R*‘S 

276 17 17 - _ _  
277 55 + 
278 43 RCL 
279 E7 27 
250 9s = 
281 94 +/-  
282 42 STO 
,283 33 33 
284 43 RCL 
285 29 29 

287 43 RCL 
288 19 13 
289 65 X 
290 43 RCL 
291 23 23 
292 65 x 
293 43 RCL 
294 17 17 
295 55 + 
296 43 RCL 
297 27 27 
298 95 = 
299 94 + / -  
300 42 STO 
301 36 36 
302 43 RCL 
303 29 29 
304 65 x 
305 43 RCL 
306 20 20 
309 65 x 
3Q8 43 RCL 
309 22 22 
310 65 x 
311 43 RCL 
312 15 15 
313 55 4 
314 43 ECL 
315 27 27 
316 95 = 
317 94 +i*- 
318 42 STO 
319 37 37 
320 43 RCL 
321 29 29 
322 65 1: 
323 43 RCL 
324 20 20 
325 65 X 

286 65 x 

219 65 .- x 274 65 X 329 43 R C L  
I IO77 Texas Irstrumnh Incorporaled 

1 00 



332 
333 
334 
335 
336 
337 
338 
339 
340 
34 1 
342 
343 
344 
345 
346 
347 
348 
349 
350 
35 1 
352 
353 
354 
335 
356 
357 
358 
359 
360 
36 1 
362 
363 
364 
365 
366 
367 
368 
369 
370 

43 RCL 
27 27 
95 = 
94 +/- 
42 STO 
38 38 
43 RCL 
30 30 
65 x 
43 RCL 
20 20 
85 + 
43 RCL 
39 39 
65 x 
53 < 
43 RCL 
18 18 
65 
43 RCL 
22 22 
85 + 
43 RCL 
19 19 
65 X 
43 RCL 
23 25 
54 1 
95 -= 
65 x 
43 RCL 
17 17 
55 f 
43 RCL 
27 27 
95 = 
42 STO 
39 39 
43 RCL 

371 20 20 
372 65 X 
373 43 RCL 
374 22 22 
375 95 = 
376 42 STO 
377 31 31 
378 43 R C L  
379 20 20 
380 63 x 
351 43 R C L  
382 23 25 

lLW ImQEJ KEY 
385 35 35 : 
386 76 'CBt  
387 43 RCL 
388 43 RCL 
389 29 28 
390 65 x 
391 43 RCL 
392 18 18 
393 69 X 
,394 43 RCL 
395 21 21 
396 65 X 
397 43 RCL 
398 16 16 
399 55 + 
400 43 RCL 
401 27 27 
402 95 = 
4031 94 +/- 
404 42 STO 
405 32 32 
406 43 RCL 
407 29 29 
408 65 X 
409 43 RCL 
410 19 19 
411 65 x 
412 43 RCL 
413 21 21 
414 65 x 
415 43 RCL 
416 15 15 
417 55 A 

418 43 RCL 
419 27 27 
420 95 = 
421 94 + / -  
422 42 STO 
423 34 34 
424 43 RCL 
425 30 30 
426 6s x 
427 43 R C L  
428 12 12 
429 85 + . 
430 43 RCL 
431 29 24 
432 65 X 
433 93 c 
434 43 R C L  
435 19 19 
436 65 x 
437 43 RCL 

44 i 
442 
443 
444 
445 
446 
447 
448 
449 
450 
451 
452 
453 
454 
455 
456 
457 
458 
459 
460 
46 1 
462 
463 
464 
465 
466 
467 
468 
469 
470 
471 
472 
473 
474 
475 
476 
477 
478 
479 
480 
481 
482 
483 
484 
485 
486 
487 
488 
489 
490 
491 
492 
493 
494 

.. , . . . ' 8  

31 31 
SQ > 
9s = 
63 x 
43 RCL 
15 15 
55 A 

27 27 
95 = 
42 STO 
31 31 
43 RCL 
30 30 
65 x 
43 RCL 
13 13 
85 + 
43 RCL 
29 29 
65 x 
53 < 
43 R C L  
18 18 
65 X 
43 RCL 
21 21 
85 + 
43 RCL 
35 35 
54 j " 
95 = 
65 x 
43 RCL 
16 16 
5s + 
43 R C L  
27 27 
95 = 
42 STO 
35 35 
43 R C L  
28 28 

02 02 
11 H 
01 1 
36 PGM 
02 02 
12 B 
43 FCL 
31 31. 
36 P6M 
02 02 

43 RCL 

36 mi 



j l o c ~ o i  - . - -. KEY-.] . . - - 
605 02 2 
606 67 EQ 
607 53 *< 

608 36 PGN 
609 02 02 
610 91 R...'S 
611 34 TX 
612 91 R..*'S 
613 76 LBL 
614 53 < 
615 00 0 
616 91 R . . 9  


