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I. Introduction

This report contains a target position estimation program for
each of the following calculators: The Hewlett-Packard HP-41CV,
the Sharp PC~1500 (or Radio Shack TRS-80 PC-2), the Sharp PC-1211
(or Radio Shack TRS-80 PC-1), the Casio FX-702P and the Texas
Instruments TI-59.

The programs provide a means of implementing a position esti-
mation procedure that is described in Appendix 1. The procedure
is based on the following assumptions: Bearings taken on or from
a target are available from two or more stations of known position.
The'positions of the stations and the target are such that they
can be considered to be on the surface of a plane (a flat earth
model). The error in a bearing taken on or from a station is a
normal random variable. Its standard deviation. (bearing error)
is known and its mean (bias) is zero (if there is bias in a bear-
ing, it is known and it is removed). The errors in bearing mea-
surements are independent.

The position estimation procedure requires an initial estimate
of the target's position. 1In the programs that are given here,
the initial estimate is at the intersection of the bearing lines
determined by the first two target bearings that are input to
the program. Because of the use of this method to choose an ini-
tial estimate, the first two stations, with respect to the order
of data input, should be chosen so that the intersection of their
bearing lines is likely to be closer to the target's position
than the intersection of the bearing lines from any other pair

of stations.




The target ranges and errors of the bearings of the first two
stations determine the distance between the intersection of their
bearing lines and the target’'s position. In particular, if the
angular separation between two stations as seen from the target
is small relative to the bearing error of one or both of the sta-
tions, the bearing lines from the two stations may not intersect.
If they do not intersect and they are not parallel, their reci-
procal bearing lines will. 1In this case, if the observed bearings
from the two stations were the first two bearing inputs to the
program, the initial estimate of th§ target's position would be
at fhe intersection of the two reciprocal bearing lines, and a

gross error in the final position estimate could result.




II. Program User Inétructions
Before using a program for the first time, refer to the notes

that follow the user's instructions. Also, note the comments in
Section I regarding the relationship between the accuracy of the
computed estimates and the order of data entry.

For a PC-1211, use the PC-1500 User Instructions. Use the
DEF mode and substitute SHFT for DEF wherever DEF appears in the
instructions.

~Station positions are determined with respect to a known ref-
erence point. The reference point can be a station position, in
this case the station bearing and range from the reference point
are both zero.

Program listings are given in Section IV and two example

applications are discussed in Section III.




Position Estimation Program

HP-41CV User Instructions

Step

Instruction

Prompt

Press

10

11

12

Select USER mode and enter the program
(see Note 1). Press I+ to run the
program.

Key in, in decimal degrees, the obser-
ved bearing of the target from a
station or the reciprocal of the ob-
served bearing of the station from

the target (see Note 2).

Key in the station bearing in decimal
degrees from the reference point. Use
zero if the station is the reference
point.

Key in the station range (in any units)
from the reference point. Use zero
if the station is the reference point.

Key in the bearing error (standard
deviation) in decimal degrees.

Repeat Steps 2, 3, 4 & 5 for one or
more additional stations.

Compute bearing & range estimates.

A computed target bearing estimate in
decimal degrees is displayed.

A computed target range estimate in
meters. For an elliptical contain-
ment region, go to Step 10 or Step 17.
To enter additional data from new or
old stations, go to Step 24.

For a containment ellipse of a given
containment probability, press LN.

Key in the desired containment proba-
bility.

Computed value of the ellipse size:
(see Note 3.)

OBS BRG?

STA BRG?

STA RNG?

BRG=est.

RNG=est.

PRB?

SIZE=val.

L+

R/S

R/S

R/S

R/S

1/x
R/S

LN

R/S

R/S
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Step Instruction Prompt Press
13 Computed semi-major axis length: SMJ=val. R/S
14 Computed major axis direction: DRC=val. R/S
15 Computed semi-minor axis length: - SMI=val. R/S
16 Computed containment ellipse area: A = val.
(See Note 4.)

17 For a containment ellipse of a given LOG
size, press LOG.

18 Key in the desired containment ellipse SIZE? R/S
size (see Note 3).

19 Computed value of the containment PRB=val. R/S
probability:

20 Computed semi-major axis length: SMJ=val. R/S

21 Computed major axis direction: DRC=val. R/S

- 22 Computed semi-minor axis length: SMI=val. R/S
23 Computed containment ellipse area: A = val.

(See Note 4.)
24 To enter additional data from new or vz

old stations, press vx and then repeat
Steps 2, 3, 4 & 5

e I i e e




Notes:

1.

The program size is 35. The key assignments are: TPE + I+,
CON + VX, EST » 1/x, SIZ + LOG and PRB + LN. If they are not
present, they must be made in order to follow the user
instructions. For an alternative, see Appendix 2.

Reciprocal bearings are used when bearings are taken on known
positions from the unknown position (target).

In the model that is the basis for the program, for a given

probability of containment, the minimum area containment region

is an ellipse centered on the position estimate. The semi-

'major axis = koMJ and semi-minor axis = koMI where k is the

size of the ellipse and OMT and Oyp are the standard deviations
(uncertainty measure) of the position estimate in the major
axis and minor axis directions.

The area units are the range units sguared.




Position Estimation Program

PC-1500 User Instructions

f _ | step Instruction Prompt Press

1l Enter the program. To run the program, DEF A
press DEF, A. For a PC-1211, see Note 5.

2 Key in, in decimal degrees, the observed OBS BRG? ENTER
B bearing of the target from a station or
the reciprocal of the observed bearing
of the station from the target (see
Note 1).

3 Key in the station bearing in decimal STA BRG? ENTER
degrees from the reference point. Use
zero if the station is the reference
point.

4 Key in the station range (in any units) STA RNG? ENTER
from the reference point. Use zero if
the station is the reference point.

5 Key in the bearing error (standard BRG ERR? ENTER
deviation) in decimal degrees.
6 Repeat Steps 2, 3, 4 & 5 for one or
more additional stations.
7 Compute bearing & range estimates. _ DEF 2
8 A computed target bearing estimate in BRG=est, ENTER

decimal degrees is displayed.

9 A computed target range estimate is dis- RNG=est.
played. For an elliptical contain-
ment region, go to Step 10 or Step 17.
To enter additional data from new or
cld stations, go to Step 24.

10 For a containment ellipse of a given DEF X
containment probability, press DEF, X.

11 Key in the desired containment proba- PRB? ENTER
bility.

12 Computed value of the ellipse size: SIZE=val. ENTER

See Note 2.
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Instruction

Prompt

Computed semi-major axis length:
Computed major axis direction:
Computed semi-minor axis length:

Computed containment ellipse area:
(S5ee Note 3.)

For a containment ellipse of a given
size, press DEF, S.

Key in the desired containment ellipse
size (see Note 2).

Computed value of the containment
probability:

Computed semi-major axis length:
Computed major axis direction:
Computed semi-minor axis length:

Computed containment ellipse area:
(See Note 3.)

To enter additional data from new or
old stations, press DEF, C and then
repeat Steps 2, 3, 4 & 5.

SMJ=val.
DRC=val.
SMI=val.

A = val.

SIZE?

PRB=val.

SMJ=val.
DRC=val.
SMI=val.

A = val.




Notes:

1.

The area units are the range units squared.

Reciprocal bearings are used when bearings are taken on known
positions from the unknown position (target).

In the model that is the basis for the program, for a given
probability of containment, the minimum area containment
region is an ellipse centered on the position estimate. The
semi-major axis = deJ and semi-minor axis = kOMI where k is
are the standard

the size of the ellipse and ¢ and OMm

MJ I
deviations (uncertainty measure) of the position estimate

in the major axis and minor axis directions.

For a definition of the program initiating keys and their
function, press DEF, H. The display will show:

TPE = A EST = 2 SIZ = S PRB = X. Next press ENTER. The
display will show: CON = C. To repeat the display, press
ENTER.

For a PC-~1211, use the DEF mode and substitute SHFT for

DEF wherever DEF appears in the instructions.




Position Estimation Program

FX-702P User Instructions

Step

Instruction

Prompt

Press

10

11

12

13

Enter the program (see Note 1l). To run
the program, first press Fl, §.

Next, key in 1 and press EXE.

Key in, in decimal degress, the obser-
ved bearing of the target from a
station or the reciprocal of the ob-
served bearing of the station from
the target (see Note 2).

Key in the station bearing in decimal
degrees from the reference point. Use
zero if the station is the reference
point.

Key in the station range (in any units)
from the reference point. Use zero
if the station is the reference point.

Key in the bearing error (standard
deviation) in decimal degrees.

Repeat Steps 3, 4, 5 & 6 for one or
more additional stations.

To compute bearing & range estimates,
first press Fl, #.

Next, key in 2 and press EXE.

A computed target bearing estimate in
decimal degrees is displayed.

A computed target range estimate is dis~
played. For an elliptical contain-
ment region, go to Step 12 or Step 20.
To enter additional data from new or

ald stations, go to Step 28.

For a containment ellipse of a given
containment probability, first press
Fl, go

Next, key in 3 and press EXE.

OPTION?
OBS BRG?

STA BRG?

STA RNG?

BRG ERR?

OPTION?

BRG=est.

RNG=est.

OPTION?

Fl1 @

1 EXE

EXE

EXE

EXE

F1 ¢

2 EXE

CONT

Fl1 #

3 EXE

10




Step Instruction Prompt Press
14 Key in the desired probability. PRB? EXE
15 Computed value of the ellipse size: SIZE=val. CONT

See Note 3.
16 Computed semi-major axis length: SMJ=val. CONT
17 Computed major axis direction: DRC-val. CONT
18 Computed semi-minor axis length: SMI=val. CONT
19 Computed containment ellipse area: A = val.
See Note 4.
20 For a containment ellipse of a given Fl ¢
size, first press Fl, #.
21 Next, key in 4 and press EXE. OPTION? 4 EXE
22 Key in the desired containment ellipse SIZE? EXE
size (see Note 3).
23 Computed value of the containment PRB=val. CONT
probability:
24 Computed semi-major axis length: SMJ=val. CONT
25 Computed major axis direction: DRC=val. CONT
26 Computed semi-minor axis length: SMI=val. CONT
27 Computed containment ellipse area: A = val.
See Note 4.
28 To enter additional data from new or Fl @
old stations, first press Fl, #.
29 Next, key in 5, press EXE and then OPTION? S EXE

repeat Steps 3, 4, 5 & 6.

11




Notes:

1.

Enter the program in Pg for Fl @ activation. Before running
the program, first press F2 then DEFM then 1 and then EXE.
This is required in order to use the array variables in the
program.

Reciprocal bearings are used when bearings are taken on known
positions from the unknown position (target).

In the model that is the basis for the program, for a given

‘probability of containment, the minimum area containment

region is an ellipse centered on the position estimate. The

semi-major axis = koMJ and semi-minor axis = koMI where k
is the size of the ellipse and OMT and Oyp are the standard
deviations (uncertainty measure) of the position estimate
in the major axis and minor axis directions.

The area units are the range units squared.

For a definition of the program options and their function,
press Fl, #. Then after OPTION? is displayed, enter § and
press EXE. The display will show: TPE = 1 EST = 2 S1Z = 3.
Next, press CONT. The display will show: PRB = 4 CON = 5,

To repeat the displays, press CONT.

12




POSITION ESTIMATION PROGRAM

TI-59 USER INSTRUCTIONS

Instruction

Enter

Press

Display

10

11
12
13

Enter the program (see Note 1).
To run the program, press A.

Enter, in decimal degrees, the observed
bearing of the target from a station or
the reciprocal of the observed bearing
of the station from the target (see
Note 2).

Enter the station bearing in decimal
degrees from the reference point. Use
zero if the station is the reference
point.

Enter the station range from the refer-
ence point. Use zero if the station is
the reference point. Use any units.

Enter the bearing error (standard devi-
ation) in decimal degrees. After press-
ing R/S, the display indicates the order
number of the data entry.

Repeat Steps 3, 4, 5 & 6 for at least
one more station.

Display a bearing estimate $ with respect
to the reference station.

Display a range estimate £ with respect
to the reference station. For an ellip-
tical containment region, go to Step 10
or Step 15. To enter additional data
from new or old stations, repeat Steps 3,
4, 5 & 6. .

For a containment ellipse of a given con-
tainment probability, enter the contain-
ment probability. Next, press E and
display the ellipse size (see Note 3).
Display the semi-major axis length.
Display the major axis direction.

Display the semi-minor axis length.

R/S

R/S

R/S

R/S

R/S
R/S

R/S

>

>

ko

kUMI

13
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Step Instruction Enter Press Display
14 Display the containment ellipse area. R/S area
(See Note 4.)
15 For a containment ellipse of a given k D p
size, enter the containment ellipse
size (See Note 3). Next, press D and
display the containment probability.
16 Display the semi-major axis length. R/S koMJ
17 Display the major axis direction. R/S Y
is8 Display the semi-minor axis length. R/S koMI
19 Display the containment ellipse area. R/S area
(See Note 4.)
20 To enter additional data from new or
old stations, repeat Steps 3, 4, 5
& 6.

14




Notes:

l.

The program requires the normal partition. If the calculator

has been in use, this can be assured by turning the calculator

'off and then on before loading the program.

Reciprocal bearings are used when bearings are taken on known
positions from the unknown position (target).

In the model that is the basis for the program, for a given
probability of containment, the minimum area containment region
is an ellipse centered on the position estimate. The semi-
major axis = ko and semi-minor axis = koMI where k is the

MJ
size of the ellipse and o and ¢ are the standard deviations

MJ MI
(uncertainty measure) of the position estimate in the major
axis and minor axis directions.
The area units are the range units sguared.
Negative bearing estimates and negative major axis directions
can result. To convert a negative bearing estimate to the

value that would be output by the other programs, add 360° to

the estimate. For example, -5° becomes 355°. To convert a

negative direction, add 180°. For example, ~-5° becomes 175°.




III. Two Examples

In Scenario 1, the scenario for the first example, bearings
are taken on a target from three separate stations. Figure 1 on
Page 18 shows Scenario 1 and Table 1 below gives the station data.
The stations are numbered according to the order of station data

input to the program.

TABLE 1

OBS BRG STA BRG STA RNG BRG ERR
Station 1 038° 334° 13500 4°
Station 2 324° 050° 11350 3°
Station 3 003° 000° 0 4°

Note from Table 1 that the reference point is at Station 3.
Program outputs for Scenario 1 are given in List 1 on Page
19. List 1 and List 2 which gives program outputs for Scenario
2, are copies of printer tapes that were generated with a Casio
FP-10 printer and a Casio FX-702P using the Casio FX-702P program.
With allowance for differences in user instructions, display for-
mats and round-off errors, the tapes indicate the output that
should be obtained using any of the other calculator programs ex-
cept for the TI-59 program where equivalent negative angles occur.
In Scenario 2, the scenario for the second example, bearings
are taken from a target on three separate stations. Figure 2 on
Page 20 shows Scenario 2 and Table 2 below gives the station data.
As in Scenario 1, the stations are numbered according to the order
of station data input to the program. In this scenario the reci-
procal of the observed bearings are used in order to provide an

equvalent scenario that is appropriate for the program.

16
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TABLE 2
OBS BRG RCP BRG STA BRG STA RNG BRG ERR
Station 1 211° 031° 000° 0 3°
Station 2 172° 352° 115° 11100 3°
Station 3 146° 326° 082° 13800 3°

Note from Table 2 that the reference point is at Station 1.

Program outputs for Scenario 2 are given in List 2 on Page
21, The two bearing estimates in the list are the reciprocal of

the target's estimate of the bearing of Station 1.




Position Estimate

Station 1

Station 2

l Station 3

Figure 1. A position estimate and a .83 confidence region.
Table 1 gives the bearings of the indicated bearing
lines and List 1 gives the bearing and the range of

the position estimate from Station 3.
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LIST 1

gmm

TPE=t £§T=2 §12=3
PRB=4 (ON<3
?mm

0es BRS?

1

STR BRS?

34

STR 767

50

0PTIEN?

§R8= 39931
fiNG= 1949439
3,

PTIN?

ngE?

W= 173132
bIR= 17.69
$MI= 1232.96
B 6720444.91
6o

OPTION?

o

§12:= 2.13
M= 1864.12
OIR= 17.69
1= 132,94
e THTSS.TY
o

19

g’!lﬂﬁ?
SOS BRG? {
ST BRE?
oo
il
fes BR6?
QPTION?

§R6= 8.9

NG= 1955578

1))

OPTION?
ngE?

§RB= 8.8¢
)= 1712.95
bIR= 12.48
1= 1129.9¢
f= 688641848
N0

OPTION?

e

S

S12e= 2.15
SHJ= (837,97
DIR= 12,48
1= 1212.36
f= 7006340.38
2]




Position Estimate

Station 3

Station 1

Station 2

Figure 2. A posiﬁion estimate and .71 confidence region.
Table 2 gives the bearings of the indicated bearing
lines and List 2 gives the reciprocal bearing and
the range of the position estimate from Station 1.
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List 2

OPTION?

gPE=1 £ST=2 SIZ=3
PRB=4 (ON=3
OPTION?

é?s BRG?

gTﬁ BRE?

gTﬂ RNG?

BRG ERR?

gBS BRG?

G 316
RMG= 14792.53
END

OPTION?

1287

et 8,96

SHJ= 3686.56
DIR= 15.39
SMl= 1253.72
A= 14285078.91
1)

OPTION?

g2

Sz 215
ShJ= 3869.77
OIR= 15,39
SN 1345.22
f= 16354192.26
EW

21

50?71 o
085 BRG?
326

$TR BRE?

BRE ERR?

gBS BRG?
OPTION?

§R6= 31,69
RNG= 13763. 38
END

PTION?

%IZE?

PRB= 8.86
SHJ= 2823.19
bIR= 172.86
SHI= 967.98
A= 6151983, 32
END

OPTION?

;RB?

9

SI126= 2.13
ShJ= 2178.85
DIR= 172.86
SHI= 1838.54
f= 7882732.54
END




IV. Program Listings
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@1eLBL “TPE"
82 DEG

83 CLRG

94 90!

85 ST0 @9

86 26

87 ST10 10
88eLBL "CON*
89 FIX @

18 “0BS BRG?"
11 PRONPT

12 ST0 11

13 *STA BRE?"
14 PROWPT

15 §70 12

16 =STR RNG?"
17 PRONPY

13 570 13

19 “BRG ERR?"
29 PROWPY

21 ST0 14
21

23 ST+ 88
242

25 RCL 88

26 XY?

27 610 82
281

29 ST+ 18

39 RCL 11

31 STO IND 10
21

33 9T+ 10

34 RCL 12

35 STO IND 18
361

37 ST+ 18

38 RCL 13

39 STO IND 18
U]

41 ST+ 18

42 RCL 14

43 STO IND 18
“ !

45 RCL 98

46 %=Y?

47 GT0 ~CON*
48 RCL 29

49 RCL 28

58 RCL 27

HP-41CV PROGRAM

99 RCL 17
9N/

92 570 62
93 26

94 ST0 19
95eLBL 05
% 1

97 ST+ 18
98 RCL IND 18
99 ST0 {1
108 1

23

181 5T+ 190
182 RCL IND 18
163 510 12
104 !

105 ST+ 10
106 RCL IND 18
197 ST0 13
1ee t

109 ST+ 10
110 RCL IWD 18
111 ST0 14
112 XeQ 87
113 156 89
114 GT0 @5
115 GTO “CON°
1160L8L 82
117 XEQ 87
118 GTO “CON°
119¢L8L 07
128 RCL 61
121 RCL 13
122 RCL 12
123 SIN

124 *

125 -

126 RCL 62
127 RCL 13
128 RCL 12
129 C0S

130 »

13t -

132 R-P

133 ST0 16
134 XOY

135 ST0 13
136 RCL 11
137 RCL 15
138 -

139 188

148 XOY

141 X(=Y?

142 GT0 11
143 360

144 -

145eLBL 11
146 RCL 14
147 /

148 ST0 17
149 RCL 16
158 RCL 14




151 » 201 REL 85 251 08

152 PI 262 RCL %6 252 %12

19+ 203 » 253 RCL €5

1% 189 204 - 254 ¢

158 / 265 RCL 28 255 RCL 23

156 $10 18 206 / 25 1

157 RCL 1S 07 + 25 PR

158 €08 268 ST0 26 %8+

159 RCL 18 269 RCL 82 759 2

168 / 218 RCL 83 268 *

161 ST0 19 211 RCL 87 261 RCL 84

162 RCL 15 A2 s 22

163 SIN 213 7L 94 263 ST0 26

164 RCL 18 214 RCL 96 264 -

165 / A5+ 265 RCL 23

166 5T0 20 216 - 266 SIN

167 RCL 19 217 RCL 28 267 K12

168 %12 28 / 268 RCL 83

169 ST+ 3 219 + 269

170 RCL 19 228 RCL 26 279 +

171 RCL 28 221 %OV 271 RCL 28

172 ¢ 222 R-P 272 CHS

173 5T+ 84 223 §10 21 273 /

174 RCL 20 224 XOY 274 510 24

175 412 25 X0 275 ROL 23

176 ST+ €5 226 GT0 86 276 SIN

177 RCL 17 227 368 M W2 .

178 RCL 19 28 + 278 RCL 65 :

179 + 2290188 86 279 :

188 ST+ 86 239 §10 22 260 RCL 26

181 RCL 17 231 RCL 84 281 +

182 RCL 20 232 RCL 63 282 RCL 23

183 + 233 RCL 85 283 €0

184 ST+ 07 234 %27 204 %12

185 RTN 235 010 83 285 RCL 63

1864LBL “EST* 236 RCL 84 286 +

197 FIX 2 237 SICN 287 +

188 RCL 04 239 45 288 RCL 28

199 %12 239 + 289 CHS

199 RCL 63 249 CT0 84 298 /

191 RCL 85 2410LBL 3 291 §T0 25

192 » 242 - 292 RCL 24

193 - 243 / 293 X(=1?

194 §T0 28 244 2 294 610 8

195 %=8? 245+ 295 10 25

19% CT0 88 246 ATAN 296 %OV

197 REL B 27 2 297 ST0 24

198 RCL 84 248 / 298 9

199 RCL €7 2490L8L 94 299 ST+ 23

20 » 258 ST0 23 300eLBL 01
24




381 “BRG="
392 ARCL 22
383 AVIER
384 STOP
m -m=-
306 ARCL 21
307 AVIEN
388 STOP
389 “END"
319 GT0 99
311eLBL “SI2"
312 -S1ZE°
313 PROWPT
eSO I
315 X2
316 2

n

318 CHS
319 EfX
32 1

321 XOY
322 -

323 570 09
324 PRB="
325 ARCL 08
326 AVIEN
327 STOP
328 GTD 89
329¢L8L “PRE"
330 “PRB?"
331 PROMPT
332 CHS
3}/

334 +

335 LK

336 2

337 »

338 CHS
339 SORY
348 STO 1}
341 “SIZE=*
342 MRCL 11
343 RAVIEN
344 STOP
3454081 &
346 RCL 23
347 STO 12
38 RCL U
349 RCL 25
356 SORT

35t s

352 RCL 11
353 RCL 24
354 SQRT
355

356 XOY
357 “SMJ="
358 ARCL X
359 AVIEN
368 STOP
361 RCL 23
362 28?7
363 GT0 18
364 180
365 ¢
J66¢LBL 16
367 “DRC="
368 ARCL X
369 AVIEN
378 STOP
371 “SHE="
372 RN
373 ARCL Y
374 RAVIEW
375 STOP
376 P1

37 s

378 »

379 “R=*
386 ARCL X
381eLBL 08
382 AVIER
393 sTOP
384 “END"
385 670 09
3g6eLBL 88
387 AYIEN
388 STOP
389 “HO SOL°
398 GTO 88
391 END

25
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SHARP PC-1500 PROGRAM

18: "A": CLEAR :DIM
AC2):0EGREE
1S:"C": INPUT "0BS
BRG? ";P:

INPUT "STA BRG
? ";Q:INPUT "S
TA RNG? “;R:
INPUT "BRG ERR
? ";0:PAUSE "

20: IF 1=2G0T0 S8
2S:1=1+1:A¢l-1)=P
taCl+1)=Q:AaCl+
3)=R:A(]+5)=0:
IF 1=1GOTO 15
30: X=AC4)XSIN (A(
2)-A(B)):¥Y=ACS
YXSIN (A(3)-R(
1)):2=SIN (AC(]
)y-Qc@)): IF Z2=8
GOTO 150
35:U=(XXSIN ACl)-
Y%¥SIN Aa(@))/2:
U=(XXC0S ACl)-
YXC0OS A<BI)I/2
40:FOR M=0TO !
45:P=A(M): Q=A(MN+2
Y:R=A(M+4):0=A
(M+6):60SUB 17
P:NEXT M:GOTO
1S
59:G0SUB 170:G0T0
iS
6@:"2":PAUSE " “:
F=(BXB-AXC): IF
F=8G0OTO 1508
65: X=U+(BXE-C¥D)~
F:Y=U+(AXE-BXD
Ys/F:GOSUB 2088
78: T=SGN Bx%45:IF

A=CGOTO 89
75: T=,5%ATN (2%B/
(R-C))

80: G=(CXCOS T¥COS
T-2%BXCO0S TX
SIN T+A%SIN TX
SIN T)/-F:G=J6

85:H=(CXSIN TXSIN
T+2%¥BXC0OS Tx
SIN T+Ax%COS Tx
COS T)/-F:H={H
s 1F H>=GGOTO 3

S
99: 2=H:H=6:G=2:T=
T+90

26

95:PRINT "BRG=";J
¢PRINT “RNG=";
K:GOTO 145

108: "H":PRINT " TP
E=R EST=Z SlZ=

v S PRB=X"

185: PRINT “CON=C":
GOTO 100

120: "S": INPUT “SIZ
E? ";S:0=]1-EXP

(-S%S572)

125:PRINT USING "“#
“. ““u; MPRB=¢:;
:USING :G0TO I
35

1308: "X": INPUT "PRB
? "30:8=d(-2%

LN C1-0))>:
PRINT "SIZE=";
S

13S: X=S%XG:Y=S¥H:N=
T:PRINT "SMJ="
;Y:1F NCBLET N
=N+188

140:PRINT "OIR=";N
tPRINT "SMI=";
X:PRINT “A=";N
xXxY

145:PRINT "END":
GOTO 145

1S8: PRINT “NO SOL“
:GOTO 159

178: X=U-RXSIN QY=
U-R%COS Q:
GOsuB 2049

175:W=(P-J):L=K%0¥%
n/18@:6=C0S Js
L:H=SIN J-L:IF
W>=180LET W=W-
360: G070 185

188: IF W<=-188LET
W=W+3608

185: W=W,/0:A=GXG+A:
B=GXH+B: C=HXH+
C: D=WXG+D: E=W¥
H+E: RETURN

200: K=J (XEX+YXY):
IF K=BLET J=8:
RETURN

205: J=ACS (YsK):IF
ASN (X/K)<BLET
J=3608-J

218:RETURN




SHARP PC-1211 PROGRAM

10t "A*1CLEAR ¢
DEGREE

158 *CoI INPUT O
BS BRG? “iF:
INPUT “STA B
RG? "31Q3
INPUT "STA R
NG? “iRt
INPUT "BRG E
RR? “3031F 1
»26070 130

TSs Isl+13ACI+26
d2PtA(]+28)=
Q:ACI+300=R:
ACI+32)=0s IF
1=1G0TO 15

85: XmQ(31>»S]IN
CRC29)-AC2T)
YLIY=ACI2 e
SIN (AC(30)-A
(28> »:ZaS]IN
C(A(28)-AC2?)

>
903 [F 2=0G0TC 3

5

951 Us(X*SIN A(2
S)-Y+3IN A2
7Y 21V (6
€IS A(280-Y*
s AT 2

105:FOR I=170 23
P=ACl+26>:0=
ACI+28) 1 R=A(
[+202:0=A(1+
22>:60SUB 40

0
110'T§XT 1:GOTO

1302 GISUB 400

135:G3TO 15

1402 "2"sF=(B*B-A
)3 IF F=0
GITO 329

1302 X=U+ (BHE ~C4D
»/FeYaYe (ARE
~BkDsF2
GOSUB S00

1602 T=SGMN B»435:
;S R=CTHEN 1

1652 T=, SHATN (2%
B/C(R-C)
170 G=(C#COS T*
COS T-2#B%
CJS THSIM T+
#SIN T»SIN
TY/=F:G=lG

1753 Ha{Cx3SIN T*
SIN T+2#B+
CJS T#SIN T+
¢+COS T+COS
Ty/=FiHalH?
IF H»=GGOTO
135

27

1802 Z=H: H=6: 6=22
T=T+90

135: PRINT "BRiG="
$.JIPRINT *RN
G="3¥:G0T0 3

20

200t "H":PRINT "7
FE=A EST=Z 3
[2=S PRB=x"

205 FRINTY "CON=C
*16OTO 200

2232 "3 s INPUT "3
[ZE? “35:ic=1
-EXP (-S%Z/2

7
Z30: FRINT LISING
"#3.488"5 "PRB
="30LUSTNG 3
GOTG 300
“K e [NPUT "P
RB? "“30:8={(
~24¢LN (1~0))
IPRINT “SIZE
="§35
2002 X=S#5: Y=S*Hs
N=T:PRINT "5
Mf="3¥:IF N
{=0LET HN=N+1

80

ZISIPRINT “"DRC=Y
SNEPRINT "
I="5 )8 2=TaN%
YIFPRINT "a="
14

Z20: PRINT "END":
GITO 320

251 FRINT "NOU 30
LG0T 325

400: M=U~-R+Z1H G2
Y=Y-R«COS @
GJSUB S00:W=
(P=JisL=kwix
F/130:6=C0%
JoLeH=SIN J7

L

4153 IF W=130LET
Weld-3502 GOTO
440

425 [F W<=-180
LET M=l+360

4402 =l Ui A= GH0+
fit BaOkH+BIC=
HaeM+C 2 DG+
DiE=pkH+E?
FETURN

SO0t K=3 K+ YY)
s IF K=0LET J
=0t RETURN

510 M=ASNH (XKD
J=ACS (YKDe
IF MCOLETY JT=
Z50-J

S1StPETURN

235




R Ty S uy Ny

CASIO FX-702P PROGRAM

3 INP “OPTION, J:
SET F2:M00E ¢
10 IF J= THEN 175
13 IF J=2 THEN 190
3 IF J=3 THEN (45
25 IF J=4 THEN 138
38 IF J=5 THEN 45
48 YAC :SET F2
45 INP "0BS BRE",P
{INP "STR BRE™,
QINP "STR RNG™

R

38 INP "BRG ERR”,0
$IF 1=2 THEN 95

3 [s[+1:RCI-1)=Ps
AC1+1)=QACT+Y)
=ReAC143)=0

68 IF I=! THEN ¢5

65 X=R(4)#SIN (A(2
)=R(8)):¥=A(5)x
SIN (A(3)-AC1))

78 2=SIN (AC1)-A(B
p{;lf 2=8 THEN

15 U=(XsSIN R(1)-Y
$SIN R(9))/2:¥=
(XsC0S AC1)-YeC
05 R(8))22

38 FOR M=8 10 l:pP=
ACH): B=R(N42)

85 R=R(M+4):0=R(N+
6):658 260:NEXT

H:60T0 45

99 R=A(Me4):0=R(N¢

$):658 208:MEXT
N:60T0 45

95 GSB 208:60T0 45

108 F=(BeB-Ael): IF
F=8 THEN (78

185 X=Ue(BsE-CoD) /F
1Y=Y+(Re-BsD)/
FiRPC ¥\ X

{18 T=56N Bs45:IF A
=( THEN 120

115 T=,50ATN (2e8/(
f-C))

129 G=(CeC0S Te(0S
T-268+(0S TeSIN

T+AsSIN T#SIN
Tyr-f

28

125 N=(CeSIN TSN
T+2¢84(0S TeSIN
T+ReC0S T(0S
Ty-f

138 6=50R G:H=SR H
HF 65 2=HiH=6
16223 T=T+96

135 IF ¥(B:Y=Y+368

148 PRT "BRG="3Y:PR
T *RN6="3X:60T0

165

145 INP "SI2E”,5:0=
1-EXP (-~5#8/2):
PRT ”PRB=":0:60
10 155

158 INP ™PRB”,0:5=9
@R (-2sLN (1-0)
JePRT *S1ZE=";$

199 X=Geh:Y=SeH:PRT
PeRJ=" ¥ N=T
F NC@;N=Ke¢ (86

168 PRT "DIR=":N:PR
T *GH1="; X:PRT
"R="; neKsY

165 PRT "END®:60TO
165

178 PRT N0 SOL™:60
10 170

175 PRT »TPE=1 EST=
2 812=%"

188 PRT “PRB=4 CON=
376070 175
208 X=U-ReSIN Q:Y=Y

~ReCOS Q:RPC Y,

X
265 H=(P-Y):L=Xesx
/18016=008 YL

H=SIN ¥/L

218 IF Ha1805M=W-36
#:6070 226

215 és Ne-180; N=H+3

228 W=H/0:R=Ge6+R:B
=Ga+B: C=Heli+C:
D=hisG+D: E=NeH¢E
IRET




TI-59 PROGRAM

Q00 47 CMS 0s0 10 E* 100 42 s5T0
Q01 &0 DEG oSt 1s C° 101 23 328
Q02 02 2 05z &7 IFF 102 43 RCL
002 42 STO 0s® 03 02 102 14 14
004 09 09 054 01 o1 104 39 C0Os
00% 69 0OP pss =22 28 1085 &% =
o0e 28 28 0se 19 1° 106 43 RCL
007 V& LBL os7 5 - 107 18 18
opg 1e R oss 19 D¢ g 75 -
Qo9 09 9 0ss a5 = 109 43 RC
Q10 42 STO Qe0 94 +.-- 110 10 10
g1t Q0 Qo0 getl 38 SINM 11t 3% COs
alg 2 570 ez 85 w 112 &5 =
013 01 1 gez (=9 I° 112 43 RCL
Q14 92 RTN QEd 35 = 114 19 {3
n1s 7e& LBL 05 43 EHC 115 45 =
o1e 18 C° oee 19 19 116 5% =
017 &9 0OP QE7 22 IHY 117 43 RCL
ois 20 20 nes 97 DSE 112 20 20
Q1 T2 ST=* nes 09 09 119 32 SIH
D20 OO0 00D gro o0 00 120 9% =
D21 92 RTH 071 F&  TE 121 42 57O
gzz F& LBL 072 o1 1 122 29 329
nz2: 19 n° 073 &9 0P 123 968 STF
024 &9 0OF ovd4 21 21 124 03 03
nz2s 2 21 O7vs 92 ETH 125 Q2 =2
gze T3 RCe n7e 42 s70 126 42 ST0
npz7 o1 0t ory 18 1s 127 0% 09
0z2s 32 RTH ors &5 = 128 18 A
oze 76 LBL ove 43 PLL 12 {9 I°
030 1o E® oo 14 14 120 10 E*
031 &5 = 021 42 570 131 42 STO
032 89 0 oge: 20 20 132 12 1is
023 5% <+ g3 38 SIH 133 {9 D¢
024 01 1 024 ¢S 1234 22 #IT
035 08 8 0es 43 FLL 13% 12 n°
036 00 0 oge 1o 10 136 32 ¥:T
a7 9% = 087 22 INV 137 37 PR
028 92 RTN 288 44 SUM 138 F5 -
032 7é LBL Qgs 20 20 129 43 RCL
D40 11 A Q2 32 SIH 140 38 Z8
041 21 RST 091 &5 = 141 35 =
n42 76 LBL 092 43 RCL 142 94 +--
042 12 B ne3 19 19 143 32 ¥!T
044 18 C° 094. 95 = 144 7S5 -
045 91 R-S , g9s S5 =+ 145 43 RCL
0d6 18 C* 09 43 RLL 14 39 39
047 91 R/S Qa7 20 20 147 95 = T
p4z 18 C° o 32 SIN 148 94 +.--
0492 91 R/S o2e 95 = 149 32 WIT
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Appendix 1. The Estimation Procedure

In this development the assumptions stated in Section I are
required conditions. A rectangular coordinate system is used
with the positive y-axis directed north, the positive x-axis
directed east and the origin at the reference point and all angles
are in radians. Figure 3 shows a station located with respect to
the coordinate system. The bearing line of length r goes to the
object's unknown position, the bearing line of length r goes to
an initial estimate of the object's position and the third bear-
ing line corresponds to an observed bearing.

To determine the coordinates for a final estimate, consider
the arc segments u = r(6-¢) where 6~¢ is the bearing error and
v = r(¢-B) and w = r(6-f) that are defined by the three bearing
lines and the circle of radius r that is centered on the station
and goes through the initial estimate. The geometry is shown in
Figure 3. Note that u can be defined by u = w - v. In this
expression, w = r(6-8) is known, and v can be determined in terms
of x and y the unknown coordinates of the target. With the refer-
ence point at the initial estimte, to first order,
v=xcos B-ysinfand u=w - x cos B + y sin B. Since this
approximation applies to all stations, its use suggests that,
for each station, r ~ r which is equivalent to having the initial
estimate relatively close to the target's position.

Since, for each station i, an observed bearing Oi is the
value of a normal random variable Gi with mean ¢i' the coordinate
u; = ri(ei-¢i) is the value of a normal random variable U; with
mean zero. In addition, since the @i are independent, the Ui are
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Initial
Estimate

Observed
Bearing Line

Station

X

. st
Reference Point Ea

Figure 3. The coordinate geometry. The coordinates of the initial
estimate are (x*,y*). In the development, the reference

point is at the initial estimate.
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also independent. And, consequently, the joint distribution of

the Uy is determined. .
To estimate x and y, maximum likelihood estimates are used

here. The likelihood for a sample ei, 62,..., en from n stations

is

2, 2
(6;-¢4) /ey

[
=M™MY

n
L(elrez,...,an) = 2‘

and the likelihood for a cooresponding sample Ujr Ugseee, Uy is

n n

1 1 2,2 \

L(u,,uqy,¢c.,u) = I ——- exp - L u,/o; '
172 n 1 VZF o, z g it i

with o, = r;e; where e; is the standard deviation of @i.

By definition, the maximum likelihood estimates for x and y
are the estimates which make L(ul, u2,...,un) a maximum. In
this case, making L(ul,uz,...,un) a maximum is equivalent to
making %(uiz/oiz) a minimum. So, to find the maximum likelihood

estimates x and y, solve the following two equations for X and y:

d(&n L) = 0

axX l

3(n L), _
and _'§§—_'l 0

~
‘7=y

-

>

X =

With u; =W, - X cos Bi + y sin Bi' the equations can be written

as follows:

>

(w, -

~ 2 _
i cos Bi + y sin Bi)(cos Bi)/oi =0

Mg

and

w)>

A . 2
(wi - cos Bi + y sin Bi)(51n Bi)/oi =0 .

-M™M3
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In terms of the following quantities:

i

>
]

2(cos2 Bi)/oi ’ B L(sin Bi cos Bi)/ci ’

2

f

I(sin

O
]

Bi)/ci , D Z(wi cos Bi)/oi ,

_ . 2
E = Z(wi sin Bi)/ci ’

the equations become:

]
o

AX - BY

]
tq

BX - C¥

The solutions are:

o>
]

(1) (BE - CD)/ (B - AC)

and

(2) v

(AE BD)/(B2 - AC)

A confidence region can be const:-ucted about an estimated
position. In order to indicate how this can be done, a proba-
bility region about the true position will be considered first.

Both % and ¢ are values of random variables. If a new set
of bearings 8y, 85, ..., 08, is observed (for the same initial
estimate and a fixed target), in general, a new pair of values

x and y will be obtained.
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If X and ¥ represent these random variables,

A 1 n 2 .
X = - T (W.,/0.)(B sin B, - C cos 8.)
(BZ-AC) 1 1 1 1 1
R e 3 (W;/0%) (A sin B, - B cos 8;)
(B%-ac) 1 1 1
where wi = ri((~)i - Bi).

since X and Y are a linear combination of the n normal random
variables wl, Wor eeey Wn, or equivalently of the n normal random
variables Ol, Ogr eeer Opy they have a joint normal distribution.
Since E(Wi) = ri(¢i - Bi), if By = ¢ for i=1, 2, ..., n, that

is, if the initial estimate of the target's position is at the

target's position, E(Wl) =0 fori=1, 2, ..., n, In this case

E(R) = 0 and E(¥) = 0 and the joint normal distribution is centered

on the object's position. To the degree of the approximations
that have been made, this is also true if the initial estimate is
not at the target's position.

A region of minimum area for a given probability of contain-
ment of an estimated position can be determined. The region is
bounded by an ellipse which is centered on the object's position
and whose axes lie along the axes of an x'y'-~coordinate system
that is obtained by rotating the xy-coordinate system that is
centered on the object's position through an angle y. 1In this
system, o§.§. is 0, that is %' and y' are independent normal ran-

dom variables. The two coordinate systems are illustrated in

37
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Figure 4. The coordinates of a point in the two systems are

related by

x' X cos Y -y sin Y

y' X sin vy + y cos Y

These relations imply:

(3) 02 = oz dOsz Y - 20, cos Y sin Yy + of sin2 Y .,
x' X Xy Yy

(4) of = 02 sin? Y + 20,, cos Y sin v + cf cos? Y
y' X Xy Y

and

(5) cf A = (of - 02) sin vy cos vy + O, (cos2 Y - sin2 Y)
x'y' X Yy Xy

where Y, the angle of rotation of the coordinate axes, is posi-

tive in the clockwise direction. And 02.9. = 0 implies

205&/\
tan 2y = 5
ol -0

vy %
With the initial estimate of the target's position at the

2

target's position E(wi) = 0 and therefore, Var(wi) =0y for

i=1, 2, ..., n. In this case

az = —1 % (1/02) (B sin 8, - C cos 8.)2
~ 3 3 : ’
x  (B%-a0)? 1 i 1 .
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O ———— e e . )

North

Reference
Point

East

Figure 4. An elliptical confidence region and the primed
coordinate system in which the covariance 0;.9.
is zero. The center of the ellipse and the
origin of the coordinate systems are at the
target's estimated position. The estimated bear-
ing & and estimated range p are indicated for a

reference position.
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o2 = —2 7 (1/0%) ( sin 8, - B cos B2
(8%-ac)* 1

and

n
.. = ——Ii——- z (1/05)(3 sin Bi - C cos Bi)(A sin Bi -~ B cos Bi).

Xy (B%-ac) 1

Using the definition for A, B and C, the above become

2 C
(6) of = —

X (AC-B“)
(7) of = ___A__T_ ,

Y (AC-B7)
and

= _ B j

(8) GAA = :E . 5

Xy (AC-B“)

So tan 2 = 2B/ (A-C) for Bi = ¢i’ i=1, 2, ..., n.

With the target's position known and, consequently, ¢i known
for i =1, 2, ..., n, the above expressions for °§' c;
can be used, since the initial estimate of the target's position

|O§\{§, and vy

can be taken as the target's position.

With values for Og a§. °i§ and v, values for Ui. and 0§.
can be found by using equations (3) and (4). The probability
that an estimated position will be within an ellipse of semiaxes

ko;. and ko§. which is centered on the target's position is
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1 -exp(-k2/2). This result can be found by integrating the bi-

variate normal density over the ellipse. And the area of the

ellipse is k?

OQ'OQ"

Given estimates x and § found by using Equations (1) and (2),
the ellipse with semi-axes ko;. and ka;. in a coordinate system
that is centered on the point (§,§) and has been rotated through
an angle y is a 1l - exp(—k2/2) confidence region. This follows,
since, to the degree of the approximations involved, the bivar-
iate normal distribution of X and Y is centered on the target's
position. The confidence ellipse is defined if 05 ,05 and o§§
can be found, that is if the elements of the covariance matrix
can be found. To the degree of the approximations involved,
this can be done as follows: First, assume the initial estimate
of the target's position is at the target's position. Then,
values for 05 '05 ,o§§ and y can be determined by using Equations
(6), (7) and (8). These values can then be used to determine
ci. . 05. and oﬁ,?. by using Equations (3), (4) and (5). Now,
with a value for k, a confidence region can be constructed. To
the degree of the approximations involved, the shape of the con-
fidence region is independent of both the target's position and
of the initial estimate of the target's position.

For the case where bearings are taken from the target on two
or more stations, ei is the reciprocal of the bearing taken from
the target.

A discussion of the theory of bearings only position

estimation procedures for situations similar to the one considered

here is given in Reference 1. Reference 2 gives an essentially
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equivalent bearings only procedure. It also gives a range only
procedure, a range and bearing procedure and HP-9830A programs
with which to ‘implement the procedures. Using the fix determined
by two lines of bearing as the initial estimate was suggested by
this reference.

The following equations are evaluated in the program to deter-

mine the coordinates of the initial estimate:

x* sin (0,-6,) = [p; sin (a;-8;)] sin 8,
- [p2 sin (az—ez)] sin 8,
and
y* sin (6,-9,) = [pl sin (al-el)] cos 6,
- [02 sin (az-ez)] cos 8; .
Reference 3 describes a TI-59 program that is based on an equi-
valent procedure. The program allows a user to either input

the coordinates of the initial estimate or determine them in

the manner described here.
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Appendix 2. HP-41CV Program Labels

The global labels in the HP-41CV program that are assigned
to the keys I+, 1/x, vx, LOG and LN give these keys a mnemonic
character. For example, with the calculator in USER mode, if
LOG is pressed and held, SIZ will be displayed and then after
a delay, NULL.

If a global label is replaced by a local label, this mnemonic
character will be lost. However, automatic key assignment will
be gained if the key corresponding to the local label has not
been previously assigned. If this is the case and if there is
a second program in program memory that uses the same local label,
then it will be automatically assigned when the calculator is
positioned in program memory at that program.

Global labels in the HP-41CV program can be replaced with
local labels. If this is done as described below, the user in-
structions will still be applicable. First, make the following
replacements:

Line 329: LBL "PRB" + LBL E. Line 311: LBL "SIZ" -» LBL D.
Line 186: LBL "EST" -+ LBL B. Line 008: LBL "CON" -+ LBL C.
Line 047: GTO "CON" -+ GTO C.

Next, after line 001: LBL "TPE", insert LBL A so that it
becomes line 002. Finally, if there is a key assignment for a
key in the following list: £+, 1/x, /%, LOG and LN, remove it.
Now, with the calculator in USER mode, if LOG is pressed and held,
XEQ D will be displayed and then, after a delay, NULL. The key's
mnemonic character has been lost, but if there is a second pro-
gram in program memory with the local label D, LOG will be auto-
matically assigned to D when the calculator is positioned in pro-

gram memory at that program.
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